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RECTANGULAR RANDOM MATRICES, RELATED FREE ENTROPY AND 

FREE FISHER’S INFORMATION 

FLORENT BENAYCH-GEORGES 


Abstract. We prove that independent rectangular random matrices, when embedded in a 
space of larger square matrices, are asymptotically free with amalgamation over a commutative 
finite dimensional subalgebra T> (under an hypothesis of unitary invariance). Then we consider 
elements of a hnite von Neumann algebra containing T>, which have kernel and range projection 
in T). We associate them a free entropy with the microstates approach, and a free Fisher’s 
information with the conjugate variables approach. Both give rise to optimization problems 
whose solutions involve freeness with amalgamation over "D. It could be a hrst proposition for 
the study of operators between different Hilbert spaces with the tools of free probability. As an 
application, we prove a result of freeness with amalgamation between the two parts of the polar 
decomposition of R-diagonal elements with non trivial kernel. 
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Introdugtion 


In a previous paper ([B-Gl]), we considered an independent family of rectangular random 
matrices with different sizes, say nxp, pxn, nxn and pxp. We embedded them, as blocks, in 
{n + p)x{n + p) matrices by the following rules 




/ 

'M 

o' 




0 

0 

M - 

-> < 







0 

0 ■ 




0 

M 


if M is nxn, 


if M is pxp, 


0 M 
0 0 

■ 0 O' 
M 0 


if M is nxp, 


if M is pxn, 


( 0 . 1 ) 


and we proved that under an assumption of invariance under actions of unitary groups and of 
convergence of singular laws (i.e. uniform distribution on eigenvalues of the absolute value), the 
embedded matrices are asymptotically free with amalgamation on the two-dimensional commu¬ 
tative subalgebra V generated by the projectors 


'In O' 


ro 01 

o 

o 


o 


Asymptotically refers to the limit when n,p ^ oo in a ratio having a non negative limit. In 
fact, we considered not only two sizes n,p, but a finite family qi{n),... ,qd{n) of sizes, and the 
large matrices where represented as dxd block matrices. 


In this paper, we prove a similar result with different technics (which allows us to remove 
the hypothesis of convergence of singular laws). Then we consider a IT*-probability space 
{A, p) endowed with a finite dimensional commutative subalgebra V. Note that such a situation 
can arise if one considers operators between different spaces, say Hi,H 2 , an embeds them in 
B{Hi®H 2 ) as it was made for matrices in (0.1). We define a microstate free entropy for Wtuples 
(oi,..., utv) of elements of A which have kernel and range projections in T): it is the asymptotic 
logarithm of the volume of iV-tuples of rectangular matrices whose joint distribution (under the 
state defined by the trace) is closed to the joint distribution of (oi,..., oat) in {A, p). 
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This free entropy is subadditive, and additive only on families which are free with amalgama¬ 
tion over T). This is one of the properties that has made us consider this free entropy possibly 
relevant to study operators between different Hilbert spaces with the tools of free probability. 

Another optimization problem has given rise to an interesting analogy. In the previous paper 
[B-Gl], for each A G (0,1), we defined a free convolution //EBaP of symmetric probability mea¬ 
sures as the distribution in {qAq, of a -|- 6, where a,h are free with amalgamation over 

T>, have kernel projection <p = l — q^V and range projection < q such that = A, and 
have symmetrized distributions //, u in {qAq, We established in [B-G2] a correspondence 

(like the Bercovici-Pata bijection) between EBA-infinitely divisible distributions and ^-infinitely 
divisible distributions. In this correspondence, the analogue of Gaussian distributions are sym- 
metrizations of Marchenko-Pastur distributions. In this paper, we prove that among the set of 
elements a with kernel projection < p and range projection < q and such that ip{aa*) < ‘p{q), 
the elements which maximize free entropy are the elements a such that the distribution of aa* 
in {qAq, is a Marchenko-Pastur distribution. 

We also construct a free Fisher’s information with the conjugate variables approach for ele¬ 
ments which have kernel and range projections in D. We have a Gramer-Rao inequality, where 
Marchenko-Pastur distributions appear again as the distributions which realize equality, and 
a super additivity result where freeness with amalgamation over D is equivalent to additivity 
(when quantities are finite). 

The main relevance, according to the author, of this problems of optimization, is the le¬ 
gitimization of this notions. Indeed, the analoguous problems for the classical entropy and 
information in one hand, and for the entropy and the information defined by Voiculescu one 
the other hand, have been solved (see [HP99], [HPOO], [NSS99.1], [NSS99.2], [S99]), and the 
solutions where actually the analogues of the solutions given here. This supports the idea that 
the notions proposed here are the right ones to apply the tools and the ideas of free probability 
theory to the study of operators between different Hilbert spaces. Moreover, the solutions of 
optimization problems for entropy and information under certain constraints are, in a sens, the 
generic objects which realize this constraints. 

In section 1 and 2, we define the objects we are going to use and we recall definitions and 
basic properties of operator valued cumulants. 

In section 3, we prove that under certain hypothesis, freeness with respect to the state ip 
implies freeness with amalgamation over the finite dimensional commutative algebra T*. As an 
application, we prove a result about polar decomposition of i?-diagonal elements with non trivial 
kernel; the partial isometry and the positive part are free with amalgamation over the algebra 
generated by the kernel projection. 

In section 4, we prove asymptotic freeness with amalgamation over D of rectangular indepen¬ 
dent random matrices (as a consequence of results of the previous section). This result is used 
section 5, where we define our microstates free entropy and solve the optimization problems we 
talked about above, using some change of variable formulae we establish in the same section. 
Similarly, in section 6, we construct our free Fisher’s information with the conjugate variables 
approach and solve optimization problems. 

Aknowledgements. We would like to thank Philippe Biane, Dan Voiculescu, and Piotr 
Sniady for useful discussions, as well as Thierry Cabanal-Duvillard, who organized the workshop 
“Journee Probabilites Fibres” at MAPS in June 2004, where the author had the opportunity to 
have some of these discussions. 
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1. Definitions 

In this section, we will define the spaces and the notions. For all d integer, we denote by [d] 
the set {1,..., d}. 

Consider a tracial >f=-noncommutative probability space {A, ^p) endowed with a family (pi,... ,Pd) 
of self-adjoint non zero projectors (i.e. Vi,p? = pi) which are pairwise orthogonal (i.e. Vi / 
j^PiPj = 0)) and such that pi + • ■ ■ + pd = 1- Any element x oi A can then be represented 

X\\ •• • X\^ 

^dl * * * ^dd 

where = Pixpj. This notation is compatible with the product and the involution. 

Let us define, for all i,j G [d], Aij = PiApj (the comma between i and j will often be 
omitted). We call simple elements the non zero elements of the union of the Aij’s {i,j G [d]). 
We define ipi := , with pi ;= (p{pi). Note that, since (/9 is a trace, every pi is a trace, but 

for i,j G [d], a G Aij, b G Aji, one has 

PiPi{ab) = pjpj{ba). (1.1) 

Note also that the linear span V of {pi,... ,pd} is a ^-algebra, which will be identified to the 
set of dx d diagonal complex matrices by 

d 

hpi ^ diag(Ai, ...,Xd)- 

i=l 

The application E, which maps x G A to diag(<pi(xii),..., (^^(xrfrf)), is then a conditional 
expectation from A to T): 

V(d,a,d') G P X ^ X P,E(dad') =dE(a)d'. 

A family {Ai)i^i of subalgebras of A which all contain V is said to be free with amalgamation 
over V if for all n, ii / • • • 7 ^ in G d, for all x(l) G Ai^ n ker E,..., x{n) G Ai^ n ker E, one has 

E(x(l)) • • • x(n)) = 0. (1.2) 

A family {xi)i£i of subsets of A is said to be free with amalgamation over D if there exists free 
with amalgamation over D subalgebras (Vlj)jg/ (which all contain D) such that for all i, Xi C Ai- 

The V-distribution of a family of elements of A is the application which maps a word 

XV’diW/ • • • X^"dn in Xi, X* (i G I) and the elements of V to E(m°dim) • • • a^Adn)- 

It is easy to see that the P-distribution of a free with amalgamation over D family depends 
only on the individual P-distributions. 

Consider a sequence {An, Pn) of tracial >i=-noncommutative probability spaces such that for all 
n, V can be identified with a >i=-subalgebra of An (the identification is not supposed to preserve 
the state). The convergence in V-distribution of a sequence {ai{n))i^i of families of elements of 
the Vln’s to a family {ai)i^i of A is the pointwise convergence of the sequence of D-distributions. 
In this case, if I = is a partition of I, then the family of subsets ({aj(n); i G Is})s£S is 

said to be asymptotically free with amalgamation over V if the family of subsets ({oj; i G Is})s£S 
is free with amalgamation over D. 

It is easy to see that the D-distribution of a free with amalgamation over D family depends 
only on the individual ^-distributions. 
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2. CUMULANTS 

The theory of cumulants in a P-probability space (i.e. in an algebra endowed with a con¬ 
ditional expectation on a subalgebra D) has been developed in [S98]. In this section, we will 
begin by giving the main lines of this theory, and then we will investigate the special case of the 
situation we presented in the previous section. 

2.1. General theory of cumulants in a D-probability space. In this section, we consider 
an algebra A, a subalgebra T> of A, and a conditional expectation E form A to T). 

Let us begin with algebraic definitions. A P-bimodule is a vector space M over C on which the 
algebra T) acts on the right and on the left. The tensor product M Af of two P-bimodules 
M, N is their tensor product as C-vector spaces, where for all (m, d, n) G MxVxN, {m.d)®n and 
m( 8 ) {d.n) are identified. M<S)vN is endowed with a structure of T>-bimodule by di.{m®n).d 2 = 
{di.m) ( 8 ) {n.d 2 )- This allows us to define, for n positive integer, yl®®” = A ( 8 )x> • • • < 8 )x> A. 

'' -V---^ 

n times 

Consider a sequence (/n)n>i of maps, each /„ being a T>-bimodule morphism between 
and T*. For n positive integer and tt G NC(n) (noncrossing partition of [n]), we define the 
T>-bimodule morphism between and D in the following way: if vr = is the one- 

block partition, = fn- In the other case, a block E of vr is an interval [k,l]. If /c = 1 
(resp. I = n), then /^(oi (g) • • • < 8 ) «„) = fi-k+i{ai <8 • • • <8 ai)f^\{v}i(^i+i <8 • • • <8 Rn) (resp. 
/ 7 r\{y|(fli < 8 > • • • < 8 > ak-i)fi-k+i{cLk < 8 ) • • • < 8 ) an))- In the other case, one has 1 < k < I < n. Then 
/ 7 r(ai < 8 ) • • • < 8 ) On) is defined to be / 7 r\{y}(ai < 8 > • • • < 8 > ak-ifi-k+i{ak < 8 ) • • • < 8 ) a^) (g) a^+i (g) • • • (g) a„) 
or / 7 r\{y}(oi <g) • • • <g) ttk-i <g) fi-k+i{ak <g) • • • <g) ai)ai+i (g) • • • (g) a^), both are the same by definition 
of (g)®. 

For example, if tt = {{1, 6 , 8 }, {2, 5}, {3,4}, {7}, {9}}, then 

Uiai <g) • • • <g) ag) = /s (ai /2 ( 02 / 2(03 (g* 04 ) <g) 05 ) (g) 00 / 1 ( 07 ) (g) ag) fiiag). 

Let us define, for all n > 1, the P-bimodule morphism E„ between and D which maps 

oi (g) • • • (g) On to E(ai • • • On). Then one can define the sequence (cn)n>i of maps, each Cn being 
a P-bimodule morphism between and T>,by one of the following equivalent formulae: 


Vn, Vtt G NC(n), 

Ett 

= 

cr<7r 

( 2 . 1 ) 

Vn, 

Era 

= C,, 

creNC(n) 

( 2 . 2 ) 

Vn, Vtt G NC(n), 

Ctp 

(j<7r 

(2.3) 

Vn, 

Cn 

~ ^ ^ Ira) E(j, 

<TeNC(ra) 

(2.4) 


where /x is the Mobius function ([R64], [S99]) of the lattice NC(n) endowed with the reffinment 
order. 

The following result is a consequence of Proposition 3.3.3 of [S98], used with the formula of 
cumulants with products as entries (Theorem 2 of [SSOl]), which can be generalized to D- 
probability spaces. 

Theorem 2.1. A family {Xi)i&i of subsets of A is free with amalgamation overV if and only if 
for all n>2, for all non constant i G for all ai G xq,..., G Xin> one has Cn(ai(g)- • -(gan) = 

0 . 
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Note that this theorem is a little improvement of Theorem 1 of [SSOl]. 

2.2. The special case where T) = Span(pi,... For the rest of the text, we consider 
again, without introducing them, the same objects as in section 1. By linearity of the cumulant 
functions, we will work only with simple elements (i.e. non zero elements of the union of the 
Aj’s, 1 < < d). 

(a) First, for all i,j, k, I £ [d] such that j / k, one has Aij Aki = {0} (because PjPk = 0). 

So we will only have to compute the cumulant functions on subspaces of the type Ai^i^ (8)x> 
Aiii2 ®v-®v Ain-iin, with G [d]. 

(b) Moreover, on such a subspace, Cn takes values in AiQi„, because it is a D-bimodule mor¬ 
phism. So, if io A in, since V n Aoj„ = {0}, Cn is null on Aoii ®v Aiiz 

So it is easily proved by induction that for tt G NC(n), for all io,ii,..., in £ [d], is null on 
Aoii ®vAiii 2 ®v ■ ■ ■ Ain-iin whenever a block {ki < ... < km} of vr is such that ik^-i A ikm- 

(c) Hence the function factorizes on the complex vector space 
in the following way; for (ai, ... , a„) G Aoii x • • • x 


C7r(ai (g) • • • <8) On) = Cm""\ak^ ® ® akj) .Pi„, 


V&TT 

V^ = { All < • • • < fcm } 


where for all m, Cm^ are the linear forms on the complex vector space defined by 


Cm (x) 




Cm {x)_ 


Formula (2.5) can be written in the following way; for (ai, ... ,an) G Aoii x • • • x 

c^(ai (g) • • • <8) a„) = o Cm(afci (g* • • • (g* afc^), (2.6) 

V£n 

where for all i,j G [d], r]ij is the involution of D which permutes the i-th and the j-th columns 
in the representation of elements of T* as dxd complex matrices. 

Remark 2.2. In (b), (c), we only used the fact that for all n, Cn is aV-bimodule morphism, so 
everything stays true if one replaces Cn by E„ and by E^r. 


(d) Now it remains only to investigate the relation between the functions clf\ We will 

prove, by induction on n, a formula analogous to (1.1). Consider (ai, ... ,an) G Aoii x • • • x 
with io = in- Then one has 

<S'■ ■ ■ 0 ttn) = PiiC^*i)(a 2 (g) • • • (g) a„ (g) ai). (2.7) 

Eor n = 1, it is clear. Now suppose the result proved to the ranks 1,..., n — 1, and consider (ai, 
... ,an) G Aoii X • • • X with io = in- One has, by formulae (2.2),(2.5), 


c'ff\ai (g) • • • (g) g^) = fi^{ai - - - an) - ^ 

^ I ^ ■ 7 rSNG(n) 


ct^\ak. 


■■■<S)akJ, 


V&n 

V^={ Ai 1 < • • • <C Aittj, } 


y 
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and 

ci*^^(a 2 < 8 )---< 8 )a„( 8 )ai) =y5ij(a2---anai)- ^ (S'• • • < 8 ) a„(fc^)), 

^ V/ ^ vrSNCfn) UStt 

7r<ln U={^1 

'-V-' 

Y' 

where a is the cycle (12 • • • n) of [n]. 

Since Pi^X = pi^X' (by formula (1.1)), it suffices to prove that 

Pi^y = Piy ■ 

To do that, it suffices to propose a bijective correspondence tt vf form NC(n) — {1^} to 
NC(n) — {In} such that for all vr G NC(n) — {In}, 

V^7T V^Gtt 

V={^k\ <C.'"<Ckm } V={ki<C"’<ikm} 

By induction hypothesis, the correspondence which maps vr G NC(n) — {In} to vr defined by 

k ^ I ^ a{k) ~ a{l) 

is convenient. 

The following theorem has been proved in the section called Rectangular Gaussian distribution 
and Marchenko-Pastur distribution of [B-G2]. 

Theorem 2 . 3 . For k, I G [d] such that pk < pi, b ^ Ak,i satisfies, for all positive integer n, 

4n {b®b*®---®h*) = —5n,i 

Pk 

if and only if the moments ofbb* in (Akk,Pk) is the Marchenko-Pastur distribution with param¬ 
eter ^ (defined p. 101 of [HPOO]}. 

3. FrENESS WITH RESPECT TO (f VERSUS FREENESS WITH AMALGAMATION OVER V 

3.1. D-central limit theorems. On sets of matrices, ||.|| will denote the operator norm associ¬ 
ated to the canonical hermitian norms. A self-adjoint element A of ^ is said to be V-semicircular 
with covariance ip if it satisfies 

(i) ci(A )=0 

(ii) Vd G H, C2{Xd 0 X) = (p{d), 

(iii) V/c > 3, Vdi,..., dfc G H, Ck{Xdi (g) • • • (g) Xdk) = 0 

Note that it determines the ^-distribution of X. 

Theorem 3.1 (P-central limit theorem). Consider a family (Aj)j>i of self-adjoint elements of 
A which satisfy 

(a) Ai,A 2 ,... are free with amalgamation overV, 

(b) Vi,Vd G V,F{Xi) = 0,E(AidAi) = p{D), 

(c) V/c,Vdi,..., dk G T>,supj>i II E(Aidi • • • Aidfc)|| < oo. 

Then Yn := converges in V-distribution to a V-semicircular element with covariance 

ip. 
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This theorem is very closed to many well-known results of free probability theory (e.g. The¬ 
orem 4.2.4 of [S98]). 

We prove now a kind of multidimentional P-central limit Theorem, analoguous to Theorem 
2.1 of [V91]; 

Theorem 3.2. Consider a family {Tj)j^f^ of self-adjoint elements of A, a *-subalgebra B of A 
containing V, such that 

(HI) Bm G B,suVi^^_^i^^^\\¥^{Ti^BiTi^---Ti^Brn)\\ < oo, 

(H2) for m>l, for Bq,..., Bm G B, for a : [m] N, one has 

(a) E(i?oTQ(i)i?i • • • Ta{m)Bm) = 0 if an element o/N has exactly one antecedent by a, 

(b) 'Bj{BqT^^i'^Bi • • • = v{Br) E(i?oT'a(i)-Bi • • • T^(^^_i'^Br-iBr+i • • • T^(^m)Bm) if no 

element o/N has strictly more than two antecedents by a and a{r) = a(r -|- 1), with 
1 < r < m, 

(c) E(i?o2/t(i)i?i • • •Ta.(^rn)Bm) = 0 if no element o/N has strictly more than two antecedents 
by a and for all 1 < r < m, a(r) A -|- 1). 

Consider /3 : N^ ^ N injective, and define Xm,n = ■ Then for all m, Xm,n 

converge in distribution, when n oo, to a V-semicircular element with covariance ip, and the 
family of subsets {B, ({Xm,n})meN) is asymptotically free with amalgamation overV as n ^ oo. 
Moreover, if 

(a’) (S, ({TjDjgpj) is free with amalgamation overV, 

(b’) V/,Vd G V,Y.{Tj) = Q,B.{TjdTj) = ip{d), 

(c’) Vm,Vdi,..., dm G T>,supjgpj II E(rjdi • ■■Tjdm)\\ < oo, 

then (HI) and (H2) are satisfied. 

Proof. We shall proced as in the proof of theorem 2.1 of [V91]. Eirst we prove that [(a’),(b’),(c’)] 
implies [(H1),(H2)]. Then we prove that it suffices to prove the result replacing [(H1),(H2)] by 
[(a’),(b’),(c’)], and at last we prove the result in this particular case. For x G .4., we define 

O . . 

X := X — E(x). 

Step 1. Suppose that the T^’s and V satisfy [(a’),(b’),(c’)]. 

The proof of the fact that (a’) and (c’) together implie (HI) is along the same lines as the 
proof of 1 ° of the Step I of the proof of Theorem 2.1 of [V91], so we leave it to the reader. 

Consider m > 1, Bq,..., Bm G B, a : [m] N. 

(H2).(a) follows from (a’), (b’), and the following easy result: 

Va, b,c G A, [{a}, {b, cjfree with amalgamation over T>] ^ E( 6 ac) = E( 6 E(a)c). (3-1) 

Suppose no element of N has strictly more than two antecedents by a and a{r) = a(r -|- 1), 
with 1 < r < m. 

Let us prove E(HoTc,(i)Hi • • • T^(m)Bm) = p{Br) E(HoTa(i)Hi • • • Br+i • • • 

'--''-V-' 

;=A -.=3 

Suppose first that Br G V. Then {TQ,(r)Hryo(r+i)}, {A,B} are free with amalgamation over V, 
so, by (3.1), 

T^{BoTa(l)Bi ■ ■■Ta{m)Bm) = Ti{A'E{Ya(^.r)BrYa{r+l))B). 

But by (b’), Y{Ya[r)BrYa(r+i)) — f{Br), which allows us to conclude. 

So, by linearity, we can now suppose that E(Hj.) = 0. In this case, p{Br) = 0, so it suffices to 
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prove that E(i?o^Q(i)-Bi • • = 0- It follows from (a’) and (1.2), applied to all terms of 

the right hand side of; 


• • • Ta(m)Bm) = '^{^ya{r)Brya(r+l)B) + E(yl) E(yQ,(^)B) 

+ E(i?) + E(yl) E(i?). 


Suppose that no element of N has strictly more than two antecedents by a and that for all 
1 < r < m, a{r) / a{r + 1). By linearity, E(i?o?"a(i)I^i • • • Ta{m)Bm) is equal to 

y ({^piO)Bo + lp<=iO)E{Bo))Ta(o) ■ ■ ■Ta(m){'^p{m)Bo + lpc{m)E{Bo)) \ , 

Pc{0,...,m} ^ ^ 

where for P C {0, Ip (resp. Ipc) denotes the characteristic function of P (resp. 

of its complementary). It follows from (a’) and (1.2), applied to all terms of the sum, that 
E{BoTa(i)Bi ■ ■ ■ Ta(m)Bm) = 0. 

Step II. After having eventually extended A, consider a free with amalgamation over T> family 
{xm)m>i of P-semicircular elements of A with covariance (/ 9 , which is also free with amalgamation 
over P with B. Let us show that in order to prove that for all r > 1, Bq,..., Br G B, m : [r] ^ N, 

^ ^ • • • Bj — 

it suffices to prove it in the particular case where [(a’),(b’),(c’)] are satisfied. 

So consider r > 1, Bq,..., B^ G B, and m ; [r] ^ N. Define, for n > 1, the set Pn = m([r])x[n], 
and define, for I = (pi,..., Pr) G Pni 

11 / = • • • Br-lTi^(p^)Br. 

Then by linearity, there exists a family (C*/)/ of elements of {0,1}, indexed by I G P^, such that 
we have: 

E{BqX^(i\^Bi • • • B ,—^ ^ C*/E(n/). 

n 


By (H2).(a), if E(n/) A 0; then no element of Pn appears exactly once in I. Let Rn,r be the 
set of elements I of P^ such that no element of Pn appears exactly once in I and an element of 
Pn appears at least three times in I. Its cardinality is less than |P„|x = o{n'^), so, 

since by (HI) there exists M > 0 such that for all n, I G P”, || E(n/)|| < M, one has 


^ l|C/E(n/)|| 

n2 rPT 


0 . 


So 


exists if and only if 


lim Pi(^BQXni(i\ nBl ■ ■ ■ Bn—\XniM,nBr) 

n—>oc ' ' ' ' 


lim 

n—>oo 


E CiEiBj), 

^ n' 

each element of Pr 
appears exactly 
0 or 2 times in I 


(3.2) 


exists, and in this case, the limits are the same. 

But the computation of E(n/), for elements I of such as those considered in the previous 
sum, is completely determined by (H2). So the limit (3.2) will be the same (and exist in the 
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same time) if one replaces the T^-’s by another family which satisfies [(H1),(H2)]. In particular, 
by Step I, one can suppose that [(a’),(b’),(c’)] are satisfied. 

Step III. Suppose now that [(a’),(b’),(c’)] are satisfied. The previous theorem allows us 
to claim that for all m, Xm,n converges in P-distribution, as n —> oo, to a P-semicircular 
with covariance ip. Moreover, for all n, the family of subsets {B, ({Xm,n})meN) is free with 
amalgamation over B, so the theorem is proved. □ 

The main theorem of this section is the following one. Recall that a family (Mi)ig/ of subal¬ 
gebras of A is said to be free if for all n, ii A ''' ¥" ^ 1 7 for all x(l) G n ker ip,..., x{n) G 

n ker ip, one has 

V9(x(l) • • • x(n)) = 0. (3.3) 

A family {xi)i£i of subsets of A is said to be free if there exists free subalgebras {Ai)i^i such that 
for all i, Xi C Ai. In order to avoid confusion between freeness and freeness with amalgamation 
over D, freeness will be called ip-freeness. We use the notion of ip-distribution of a family 
{ai)i^i of elements of A', it is the application which maps a word ■ ■ ■ X^^ in A*, X* (i G I) 
to ipia^^ ■ ■ ■ a^f). It is easy to see that the (/^-distribution of a (p-free family depends only on 
the individual (/^-distributions, and that the P-distribution of a family which contains B is 
determined by its (/9-distribution. At last, recall that (/9-semicircular elements are elements whose 
moments are given by the moments of the semicircle distribution with center 0 and radius 2. 

Theorem 3.3. Consider, in A, a family {y{s))sen of ip-semicircular elements, and a subalge¬ 
bra B of A which contains B such that the family {B, {{y{s)})s£n) is ip-free. Then the family 
(B, {{y{s)})s£n) is also free with amalgamation overB, and the B-distribution of y{s)’s is the 
B-semicircular distribution with covariance ip. 

Proof. Consider /? : NxN ^ N injective. By stability of (/9-semicircular distribution under free 
convolution, it is clear that for all n > 1, the family 

1 

^ y'2/(/3(m, j)))m>o) 

j=i 

has the same (/9-distribution (and hence P-distribution, because contains B) as {B, ({y(s)})seN)- 
So it suffices to prove that (J3, ({y(s)})sgN) satisfies (HI) and (H2). 

(HI) is due to the fact that for m > 1 and bi,... ,bm G H fixed, 

d 

Vsi, ...,Sm^ N, II E(y(si)6i • • •y(Sm)&m)|| = \\'^Tk{Pky{si)bi ■ ■ ■ y{Sm)bmPk)-Pk\\ 

k=l 

= max — \ip{pky{si)bi ■ ■ ■ y{sm)bmPk)\ , 
l<k<d Pk 

which only depends on the partition vr of [m] which links two elements i,j if and only if s/ = sj. 
To prove (H2)(a),(b),(c), since for all x G A, 

d ^ 

E(a:) = —ip{pixpi).pi 
k=l ' ^ 

and the algebra B contains all pfs, it suffices to prove it with E replaced by ip. Then it follows 
from the last assertion of Theorem 2.1 of [V91]. □ 
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Remarks about the previous theorem. (1) Let C be a subalgebra of A which is ip-iiee with V. It 
is easy to see that for all x G C, E(x) = (p{x).l, hence for all n > 1, oi,..., G C, 

Cniai (8) • • • <8) On) = , On).!, 

where is the n-th ^j-cumulant function. So a ipAree family of subalgebras of C is also E-free: 
9 ?-freeness implies vanishing of mixed (/9-cumulants, which implies E-freeness, by theorem 2.1. It 
is not enough to prove our result, because the algebra C cannot in the same time be cp-fiee with 
D and contain D, hence cannot contain B. 

(2) This theorem recalls Theorem 3.5 of [NSS02]. But to prove our result using this theorem, it 
would be necessary to compute .B-cumulant functions. 

3.2. Polar decomposition ii-diagonal elements with non trivial kernel. In the follow¬ 
ing, we shall use polar decomposition of non invertible elements of von Neumann algebras (for 
example, in the following section, non invertible matrices). Recall that the polar decomposition 
of an element x of a von Neumann algebra consists in writing x = n/i, where /i > 0 such that 
ker h = ker x, and u is a partial isometry with initial space the orthogonal of ker x and with final 
space the closure of the image of x (see the appendix of [D81] or the section 0.1 of [S87]). 

R-diagonal elements have been introduced by Nica and Speicher in [NS97]. In this section, we 
consider a lT*-noncommutative probability space In 1.9 of [NS97], i?-diagonal elements 

of (M,t) were characterized as the elements x which can be written x = uh, where u is a Haar 
unitary (i.e. u is unitary, and for all n G Z — {0}, r(tt"') = 0), and /i is a positive element r-free 
with u. If X G is i?-diagonal and if x has a null kernel, then with the previous notations, 
uh is the polar decomposition of x. In the case where x has a non trivial kernel, the polar 
decomposition of x is {up)h, where p is the projection on the orthogonal of ker(x). In this 
section, we shall prove that up, h are free with amalgamation over the algebra Spanjp, 1 — p}. 

We first have to prove a preliminary result: 

Proposition 3.4. Consider the space {A, ip) introduced in section 1, suppose moreover that 
{A,ip) is a W*-probability space. Consider, in A, a family (y(s))sgis} of normal elements. Con¬ 
sider also a subalgebra B of A which contains V such that the family {B, ({y(s)})sgN) is ip-free. 
Then the family (R, ({y(s)})seN) is also free with amalgamation overV. 

Proof. Let (A7, f) be a IT*-probability space which is generated, as a IT*-algebra, by a family 
x(s) (s G N) of r-semicircular elements and an algebra B isomorphic to R by a map x ^ x, 
such that the family (R, ({x(s)})sgN) is f-free. The distributions of the xfsfs are nonatomic, 
so for each s G N, there exists a Borel function fg on the real line such that fs{x{s)) has the 
same distribution as y{s). Note that the r-freeness (resp. freeness with amalgamation over 
V) of a family {Ai)i£i of >i=-subalgebras of Af (resp. of >i=-subalgebras of Af which contain V) 
is equivalent to the 99 -freeness (resp. the freeness with amalgamation over V) of the family 
{A”)i£i of von Neumann algebras they generate. So, by theorem 3.3 and by the fact that for 
all s, fs{x{s)) G {x(s)}", the family {B, ({/s(x(s))})sgN) is free with amalgamation over V. But 
the map 

BU{y{s); sGN} ^ R U {/,(x(s)); s G N} 

^ jz a zgb 
|/^(a:('S)) if^ = y(s) 

extends clearly to a IT*-probability spaces isomorphism, hence the family {B, ({?/(s)})sgis}) is 
also free with amalgamation over D. □ 
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Corollary 3.5. Consider a W*-noncommutative probability space and an R-diagonal 

element x of M. with non trivial kernel. Letpi be the projection on kerx, and p 2 = 1—pi. Then 
the polar decomposition x = vh of x is such that 

• v,h are free with amalgamation overV := Span{pi,p 2 }, 

• V has the V-distribution of up 2 , where u is a Haar unitary r-free with p 2 , 

• the V-distribution of h is defined by the fact that h? = x*x and P 2 hp 2 = h. 

Moreover, the projection on the final subspaee of v is r-free with h. 

Note that this result could also have been deduced from lemma 2.6 of [ShOO], but the proof 
of this lemma is uncomplete, and a complete proof of the lemma would take as long as what we 
use to prove this corollary. 

Remark 3.6. Elements with r-distributions such as the one of v are called an {a,a)-Haar 
partial isometries in Remark 1.9 3° of [NSSOl] 

Proof. By 1.9 of [NS97], x can be written x = uh, where u is a Haar unitary r-free with 
h, and the polar decomposition of x is {up 2 )h, where p 2 is the projection on the orthogonal of 
kerx = ker/i. Thus, with the notation V := Span{l —p 2 -,V 2 }-, it suffices to prove the freeness 
with amalgamation over T) of up 2 and h, which follows from the freeness with amalgamation 
over R of u and h, which follows from proposition 3.4. The projection on the final subspace of 
up 2 is up 2 U* is r-free with h by lemma 3.7 of [HLOO]. □ 

Remark 3.7. In the same way, we ean prove the following: let qi be the projeetor on Ran(x) 
and q 2 = f — qi, then the polar decomposition of x is wh, where 

• w,h are free with amalgamation overV := Span{( 7 i, 52 }, 

• w has the V-distribution of qiu, where u is a Haar unitary r-free with qi, 

• the V-distribution of h is defined by the fact that h? = x*x and P 2 hp 2 = h. 

Moreover, the projection on kerrc is r-free with V. 


4. Asymptotic freeness with amalgamation over V of rectangular random 

MATRIGES 


Since in the present section, we will prove asymptotic freeness with amalgamation over R of 
random matrices in an analogous way to the proofs of [V91] and [V98], we shall frequently refer 
to those papers. 


Consider, for n > 1, gi(n),..., qd{n) positive integers with sum n such that 


Pi, 




Pd (recall that pi = ip{pi),..., pd = ‘fiPd))- Then for all n, R can be identified with a 

fL —^■CXJ 

♦-subalgebra of the algebra of complex nxn matrices by 
VAi,..., Ad G C, diag(Ai,..., Ad) ^ 

^dlqain) -J 


The image of each pk will be denoted by Pk{n)- tr will denote the normalized trace on while 
Tr will denote the trace. e{i,j]n) will denote the matrix-units of 

We shall refer to M„ as a set of nxn random matrices (over a probability space not mentioned 
here), while the elements of (which is a subalgebra of M„) will be called constant matrices. 
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M„ is endowed with the state E(tr(.)), and the identification of T) with a *-subalgebra of 
allows us to speak of convergence in D-distribution of random matrices. 

The following result is an immediate corollary of Theorem 2.2 of [V98] and of theorem 3.3. 

Theorem 4.1. Let, for s > Q, n > I, Y{s,n) = J2i<i j<n^iL s)e{i, j]n) be a random 

matrix. Assume that a{i,j]n,s) = a{j,i;n,s) and that 

s); 1 < i < j < n, s G N} U {3'a(z, j; n,s); 1 < i < j < n, s G N} 

are independent Gaussian random variables, which are (0, (2n)“^) if i < j and (0,n“^) if i = 
j. Let further be a family of elements of Tin, stable under multiplication and 

adjonction, which contains pi{n), Pd{n), such that for all j, the sequence (|| E(i?(j, n)||)„ is 
bounded, and which converges in T>-distribution. 

Then the family {{B{j,n); j G N}, ({y(s, n)})^) is asymptotically free with amalgamation 
over V as n ^ oo, and the limit V-distribution of each Y{s,n) is the V-semicircular V- 
distribution with covariance (p. 

Comparison with Theorem 4-1 of [Sh96]. Since the B{j,n)''s are diagonal and since conver¬ 
gence in P-distribution is less restricitve than convergence for ||.||oo) which is the one used by 
Shlyakhtenko in [Sh96], this result cannot be deduced from Theorem 4.1 of [Sh96]. 

In order to modelize asymptotic P-distribution of non hermitian gaussian random matrices, 
let us introduce the V-circular distribution with covariance p. It is the ^-distribution of an 
element of A which can be written c = ^ with a, a' P-semicircular elements with covariance 

p, which are free with amalgamation over V. Note that the P-distribution of c can be defined 
by the following rules; 

(i) ci(c) = ci(c*) = 0, 

(ii) Vd G V, C 2 {cd (8) c) = C 2 {c*d (8 c*) = 0, C 2 {cd (8 c*) = C 2 {c*d (8 c) = p{d), 

(hi) VA: > 3,ei,... ,efc G {., *},di,... ,dk G T*, Ck{c’^^di (g) • • • <8) c’^^dk) = 0. 

Corollary 4.2. The hypothesis are the same as the one of the previous theorem, except that the 
random matrices are not self-adjoint anymore, and their law is defined by the fact that 

{ika{i, j\n, s); 1 < f, j < n, s G N} U {Aa{i, j]n, s); 1 < i, j < n, s G N} 

are independant gaussian random variables, which are (0, (2n)“^). Then the family {{B{j,n ); j G 
N}, ({y(s,n)})s) is asymptotically free with amalgamation over V as n ^ oo, and the limit V- 
distribution of each Y{s, n) is the V-circular distribution with covariance p. 

Proof. It suffices to notice that if Y, Y' are independent random matrices as in the hypothesis 
of the previous theorem, then has the distribution of the ones of the hypothesis of the 

corollary. □ 

The previous corollary allows us to modelize asymptotic collective behaviour of independent 
rectangular gaussian random matrices with different sizes: consider, for s > 0, k,l G [d], n > 1 , 
M{s, k, I, n) a random matrix of size qk{n)xqi{n), with independent complex gaussian entries. In 
order to have a non trivial limit for asymptotic singular values of the M(s, k, I, n)’s (the singular 
values of a qxq' matrix M are the eigenvalues of of MM* if (7 < q', and of M*M if (7 > q'), it is 
well known, by results about Wishart matrices (see, e.g., [HP00],[PL02]) that the variance of the 
entries must have the order of qk{n), i.e. of n. So we will suppose that the real and imaginary 
parts of the entries of the M{s, k,l,n)A are independent A^(0, (2n)“^). To give the asymptotic 
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behaviour of these matrices amounts to give the asymptotic normalized traces of words of the 
type: 

M{si,ki,li,nY^M{s2, k2,l2,nf^ •' km, Im, nf'", (4.1) 

where m > 1, si,..., Sm £ N, £i,. ■ ■ ,£m G {., *}, fci, /i,..., km, Im G [d] such that the product is 
possible and gives a square matrix. 

In order to avoid problems of definition of the products, let us embed all this matrices in nxn 
matrices: for all (s, k, I, n), M{s, k, I, n) will be replaced by k, I, n) := pk{n)Y (s, k, I, n)pi(n), 
where Y(s, k, I, n) is a random matrix as in the hypothesis of the previous corollary. Then if the 
product (4.1) is not defined, the product 

X{si,ki,li,nf^X{s2,k2,l2,nf'^ ■ ■ ■ X{sm,km,lm,ny (4.2) 

is zero. In the other case, the product (4.2) is a simple element of Mn (simple refers to the 
definition given in section 1), whose only non zero block is (4.1). If moreover, (4.1) is a square 
matrix, its normalized trace is the only non zero coordinate of 

E [{X{si,ki,li,nY^X{s2,k2,l2,nf'^ ■ ■ ■ X{sm,km,lm,nf"^)] . 


So the following corollary gives an answer to the question of the asymptotic collective behavior 
of independent rectangular Gaussian random matrices with different sizes. 

Corollary 4.3. Let, for s > 0, k,l G [d], n > 1, 


X{s,k,l,n) =Pk{n) 
be a random matrix. Assume that 


^ a{i,j;n,k,l,s)e{i,j;n) 

l<2j<n 


pi{n) 


n, k, I, s); i,j G [n]. A:, / G [d], s G N} U {3'a(z, j; n, k, I, s); i,j G [n], /c, ^ G [d], s G N} 

are independent Gaussian random variables, which are (0, (2n)“^). Let further {B{j,n))j^fq be 
a family elements of Tin, which satisfies the same assumptions as in the hypothesis of Theorem 

4.1. 

Then the family {{B{j, n) ] j G N}, ({^(s, k, I, n)})s,k,i) is asymptotically free with amalgama¬ 
tion over V as n ^ CO. 


Proof. It is an immediate consequence of the previous corollary and of the fact that freeness 
with amalgamation over V is preserved by multiplication by elements of H. □ 

For n > 1, the set of matrices U of pk{n)TlnPk{n) such that LBJ* = U*U = Pk{n) will 
be denoted by Ufc(n). It is a compact group, isometric to the group of qk{n)x qk{n) unitary 
matrices. By lemma 4.3.10 p. 160 of [HPOO]), the partial isometry of the polar decomposition 
of X{s, k, k,n) is uniform on Ufc(n) (i.e. distributed according to the Haar measure). 

Proposition 4.4. Let, forn > 1, V{s,k,n) (s G'H,k G [d]), be a family of independent random 
matrices, such that for all s,k, V{s,k,n) is uniform on Ufc(n). Let further {B{j,n))j^fq be a 
family elements of Tin which satisfies the same assumptions as in the previous results. Then 
the family {{B{j, n); j G N}, {{V (s, k, n)})s,k) is asymptotically free with amalgamation over V 
as n ^ oo. 

Note that two elements of respectively Akk, An, with k A ^ (o^' more generally of Akk', Aw, 
with {k, A:'}n{/, I'} = 0 ) are always free with amalgamation over B, and that elements of Akk are 
free with amalgamation over B if and only if they are free in the compressed space (Akk, Tk)- So 
without the set of constant matrices. Proposition 4.4 would be an easy consequence of Theorem 
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3.8 of [V91]. That being said, the proof of This Proposition is very closed to the one of Theorem 
3.8 of [V91]. 

The proof of the proposition relies on the following lemma. We endow with the norms 
\M\p = (Etr(MM*)^/^)^. They fulfill Holder inequalities (see [N74]). 

Lemma 4.5. Let, forn > 1, {M{i,n))i^j be a family ofnxn random matrices, and 
be a family elements of Tin, which satisfies the same assumptions as in the hypothesis of Theorem 
4-1. Suppose moreover that for alii G fir > 1, the sequence \M{i,n)\r is bounded. Suppose that 
for all 5 > 0 and n > 1, their exists a family {M{i, n, 5))i^i of random nxn matrices such that 

(i) the family n) ; j G N}, ({M(z, n, 5)})ig7) is asymptotically free with amalgamation 

over V as n ^ oo, 

(ii) for alii G fir > 1, hm„^oo|Af(*, n, 6)—M{i, n)\r ■= C{i, r, S) is such that C{i, r, S) — > 0. 

^—>0 

Then the family {{B{j,n)]j G N}, ({M(i, n)})jg/) is asymptotically free with amalgamation 
over V as n ^ oo. 


Proof. Note first that if a sequence (Dn) in B is such that for all positive S, there is a sequence 
{Dn{S)) in V which converges and such that lim„^oo|— Dfil := C{5) tends to zero as 5 
tends to zero, then {Dfi is Cauchy, and hence converges. So, by Holder inequalities, the family 
{{B{j,n)j^fq,{M{i,n))i^j) has limit P-distribution as n ^ oo. Moreover, Holder inequalities 
implie too that the later limit P-distribution is the limit, for convergence in P-distribution, as 
5 tends to zero, of the limit P-distribution of ((H(j, n))jgN) {M{i,n, 5))i^i) as n ^ oo. But the 
set of P-distributions of families imi)ioi) such that the family {{bj ; j G N}, ({mi})jg/) 

is free with amalgamation over B is obviously closed, so the lemma is proved. □ 

Let us now give the proof of proposition 4.4. 

Proof. Consider independent random matrices X(s, k, n) (s G N, /c G [d], n G N), such that for 
all s,k,n, X{s,k,n) has the same distribution as X{s, k, k,n) of the previous corollary. Then, 
as noted before, one can suppose that for all s, k, n, V (s, k, n) is the partial isometry of the polar 
decomposition of X(s, k, k, n). 

In this proof, we shall use a particular fonctionnal calculus with the matrices X(s, k, n)*X{s, k, n). 
Note that this matrices are simple elements of Mn (simple refers to the definition given in sec¬ 
tion 1): they belong to pk{n)MnPk{n). Here we shall “erase” the action of a function / on the 
orthogonal of the image of the projector pfin). This means that f{X{s,k,n)*X{s,k,n)) will 
mean pk{n)f{X{s, k, n)*X{s, k, n))pk{n). So we can write; 

V{s,k,n)= lim X(s,k,n){e + X(s,k,n)*X{s,k,n))~^^. 

e^0+ 


Step I. As stated in the Step I of the proof of Theorem 3.8 of [V91], there exists C > 0 such 
that for all continuous bounded function / : [0, oo) ^ (0, oo), for all polynomial P, all s,k, and 
all r > 1 , we have 


lim I A(s, k, n)P{X{s, k, n)*X{s, k, n))—X{s, k, n)f{X{s, k, n) 


"X{s,k,n))\r < C'sup|P(t)-/(t)|. 
o<t<c 


Step II. Consider e > 0, andlet Y{s,k,n,e) = X{s,k,n){e + X{s,k,n)*X{s,k,n)) . We 

claim that the family 


n); j G N}, ({T(s, k, n, e)})s,k) 
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is asymptotically free with amalgamation over D as n ^ oo. It is an easy application of the 
lemma, using, for all positive <5, the random matrices 


X{s,k, n)Ps{X{s, k, n)*X{s, k,n)), 

where Ps is a polynomial such that supo<t<c ^ Let us prove that the 

hypothesis of the lemma are satisfied. For s, k, r, the boundness of the sequence (|y(s, k, n, e)\r)n 
comes from the boundness of the function t {t/{£ +1))^^ on the positive half line, (i) is due 
to the previous corollary, and (ii) follows from step I. 

Step III. The conclusion is another application of the lemma, where Y{s,k,n,£ys will play 
the roll of M{i, n, (5)’s (and e the roll of S). Let us, again, prove that the hypothesis of the lemma 
are satisfied. For s,k,r, the sequence {\V{s, k,n)\r)n is bounded because matrices are in Ufc(n), 
and (i) follows from step II. Let us prove (ii). We have 


\Y(s, k, n,£) — V (s, k, n)\r 


|F(s, k, n){X{s, k, n)*X{s, k, n))^^{£ + X{s, k, n)*X{s, k, n)) 
-F(s,/c,n)| 

|(X(s, k, n)*X{s, k, n))^^(e + X{s, k, n)*X{s, k, n))~^^ - Pk{n))\r 


But ^ 0 < + < 1, 

and t>£^/^ => + 

2 ( 1 +£ 1 / 2 )- ^ - 

So, if Q{n) denotes the spectral projection of X{s,k,n)*X{s,k,n) for [0,e^'^], 

£^^ 

\V{s,k,n)-Y{s,k,n,£)\r < IE(tr(pfc(n)Q(n)pfc(n))) + 

so (ii) is checked, since it is known (see [S90] for a precise result) that there exists a constant C 
such that 

lim„^ooIE(tr(pfc(R)Q(n)Pfe(n))) < 

□ 


Note that, as to Remark 2.3 of [V98], it is obvious that the previous proposition also holds 
for subsequences of the natural numbers. It allows us to prove the following corollary. Its 
proof is along the same lines as the one of Corollary 2.6 of [V98]: it relies on the fact that the 
topology of convergence in /D-distribution, for denombrable families, has denombrable bases of 
neighborhoods, and hence if for all n, X{i, n) {i G I denombrable) is a family of random matrices 
with norms uniformly bounded, one can extract a subsequence k{l) < k{2) < ... such that the 
family {X{i, k{n)))i^i converges in V distribution. 


Corollary 4.6. Let, for n > 1, V{s,k,n) (s G 'N, k G [d]), be a family of independent random 
matrices, such that for all s, k, V{s, k,n) is uniform on l]k{n) and let F{Nx[d]) 3 g ^ (n) G 

Mn be the semigroup morphism which sends the {s,k)-th generator into V{s,k,n). Then, given 
N G'H,R> 0,and go,... ,gN G F(Nx [d]) — {e}, the quantity 

sup{| tr{V3^{n)BiV3^{n)B2 • • • (n)B^R^^(n))| ; Vfe G [N],Bk G ||Rfc|| < R,E(Rfc) = 0} 

tends to zero as n ^ oo. 


At last, in the same way, one can translate the proof of Theorem 2.7 of [V98] to prove the 
following proposition: 
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Proposition 4.7. Let, forn > 1, V{s,k,n) (^s G N,/c G [d]), be a family of independent random 
matrices, such that for all s, k, V{s, k, n) is uniform on Ufc(n) and let F(Nx [d]) 9 g ^ V^{n) G 
Mn be the semigroup morphism which sends the {s,k)-th generator into V{s,k,n). Fix N gN 
and R > 0. Let, for each n G N, Bi{n),... be nxn constant matrices such that for all 

k G [A^], I |i?A:(R)| I < R and E{Bk{n)) = 0. Then, given go, ■ ■ ■, gN ^ F(Nx [d]) — {e} and e > 0, 
the probability of the event 

{\\F{V^^{n)BiV3^{n)B2 ■ ■ ■ < e} 

tends to 1 as n goes to infinity. 


5. Analogue of free entropy of simple elements: the microstates approach 

5.1. Definitions. For q,q' positive integers, we will denote by (911g when q = q') the set 
of qxq complex matrices. 

From now on, we suppose (A, (p) to be a tracial IF*-probability space, endowed with a family 
of projectors such as presented in section 1; A is endowed with a family pi, ... ,pd oi self-adjoint 
pairwise orthogonal projectors with sum 1, and for all k G [d], pk denotes p{pk)- If a is a simple 
element of A, the unique {k, 1) G [d]^ such that a G Ak,i will be called the type of a. 

In this section, we shall define the entropy of families of simple elements of A as the asymptotic 
logarithm of the Lebesgue measure of sets of matrices with closed noncommutative moments. 
Thus we have to define, for all n, a set of matrices 91T„(a) where we shall choose the microstates 
associated to a simple element a. We let, for k G [d], qk{n) be the integer part of pkU. With 
this definition of qi{n), ..., qd{n), we keep the notations introduced in the beginning of section 
4. We define, for {k,l) G [d]^ and n positive integer, 

mn{k,l) = pk{n)mnPi{n). 

dytn{k, 1) is endowed with the Lebesgue measure arising from the Euclidean structure defined by 
< M,N >= il?(TrM*Ai). The norm arising from this Euclidean structure will be denoted by 
||.|| 2 , whereas ||.|| still denotes the operator norm associated to the canonical hermitian norm on 
We denote in the same time, without distinction, by A the tensor product of this measures 
on any product of such spaces. 

Consider ai,... on G A simple elements with respective types (A:(l), /(!)), ... , {k{N), 1{N)). 
Let us define, for n, r positive integers, e, R positive numbers, 

rR(ai, ..., Oat; n, r, e) 

the set of families (Ai,...,Ajv) G dJln{k{l),l{l))x ■ ■ ■xTln{k{N),l{N)) such that for all i = 
1, ... ,N, IIAj|I < R and for all p G {1, ...,r}, for all ii,...,ip G [N], for all ei,... ep G {*,.}, 


Let us then define 

Xniai,... ,aN-,r,e) = limsup ^ log A (rij(ai,..., oat; n, r, e)) + Llogn + D, 

n—>oo ^ 
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where 

d 

L = Pkpi |{i £ [N] ; aj has type {k,l)} \ , 

k,l=l 
d 

D = E Pk^ogpk |{i G [N] ; at has type (A:, A;)}| . 

k=l 

We define then 

XR{ai, ...,aN)= infy^(ai, .. .,aN-,r,e), 

r,£ 

and at last, 

X^{ai, ...,aN)= supxR(ai,... ,aAr). 

R 

5.2. Particular cases, comparison with already defined quantities. 


5.2.1. Case where all ai’s are of the same type {k,k). Then 

X^(ai,.. .,aN;r,e) = plxR°'''{ai,... ,aN;r,£/pk), 

where Xr“'^(oi, ..., a^; r, e) stands for Xi?(fli) • • • s) as it is defined in section 1.2 of [V98] 

or p. 279 of [HPOO], when considering oi,..., as non-selfadjoint elements of {Akk-, ^k)- 

5.2.2. Case where N = 1 and ai has type {k,l), with k A h Qk{n) = Qi{n) for all n. Then 

Tii{a-,n,r,£) is the set of matrices A G dytn{k,l) ~ such that ||M|| < R and for all s 

positive integer such that 2s < r, the s-th moment of the spectral law of AA* is within e with 
the s-th moment of the distribution of aa* in {Akk,^k)- Thus x^{a) = p|(x+“‘^(aa*) — logpfc), 
where x+°'‘^(aa*) is defined p. 282 of [HPOO], when considering aa* as a positive element of 

{Akk, 'Ck)- 

Note that, if p is the distribution of aa* in {Akk, P>k), then x+(aa*) = jj log |x—y|d^(x)d^(y)-|- 
logTT -I- 3/2. 


5.2.3. Case where N = 1 and oi has type {k,l), with /c / f. Then rij(a;n,r,e) is the set of 
matrices A G iXftn{k,l) such that ||M|| < R and for all s positive integer such that 2s < r, the 
s-th moment of the spectral law of AA* is within e with the s-th moment of the distribution 
of aa* in {Akk,'Ck) and the s-th moment of the spectral law of A*A is within e with the s-th 
moment of the distribution of a*a in {An, P’ 1 )- Let us define 


h = 


distribution of aa* in {Akk,Pk) 
distribution of a*a in {Aii,pi) 


if Pk < Pi, 
if Pk > pi- 


Then we prove the following proposition (proof postponed in the appendix): 


Proposition 5.1. If R? is more than the supremum of the support of p, 

f ^ r~ 

XR{a) = a^T;{p) + {f3 — a)a logxdp{x) + aP{log —h 1)-xlogxdx, (5.1) 

J a 4 

oc 

where Tj{p) = log\x — y\dip{x)dip{y), a = mm.{pk, pi} and P = m.&-K{pk, pi} ■ 


We can verify that when a = P, this formula coincides with the formula of x^{a) given by 

5.2.2. 
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5.3. Preliminary lemma. The following lemma is a very useful tool for integration on sets of 
rectangular matrices. It gives the “law” of the singular values of rectangular matrices distributed 
according to the Lebesgue measure. Its proof is postponed in the appendix. Consider 1 < q < q' 
integers. Denote by Tlq^qi the set of qx q complex matrices. Denote by Uq the group of qx q 
unitary matrices, and by Tq the torus of diagonal matrices of Uq. As an homogeneous space, 
Uq/Tq is endowed with a unique distribution invariant under the left action of Uq, denoted by 
7 q. Denote by Uq^q/ the set of matrices v of Tlq^qi which satisfy vv* = Iq (i.e. whose lines are 
orthogonal with norm 1 ). As an homogeneous space (under the right action of Uq/), Ug^qi is 
endowed with a unique distribution invariant under this actions, denoted by 7 g,q'. Note that 
7 q^g/ is also invariant under the left action of Uq. 


Lemma 5.2. Define 

< = {re G ; 0 < xi < • • • < Xq}. 

Then the map 








:U 


9.<? 


Tl, 




{uTq,X,v) 1 -^ Udiag{xi, . . . , Xq)^^U*V 


is injective onto a set with complement of null Lebesgue measure. Moreover, the push-forward, 
by of the Lebesgue measure, is 7 ^ ( 8 ) CTq^q' < 8 ) 7 g,q'; where aq^qi is the probability measure on 

^ with density 


TT 


qq 




7 (^ 11 ’ 


,9 -q 
'j 


q-q' 


i=l 


(5.2) 


Remark. It will be more useful to use the following consequence of the lemma. Let us 
denote, for G compact group, Haar(G) the Haar probability measure on G. The measures 7 ^ 
and 'jq^qi are push-forwards of Haar(^q), Haar(Wg/) by the respective maps u uTq, v —> Pv, 
where P is the qxq' matrix with diagonal entries equal to 1, and other entries equal to 0. Then 
the map 

^ :UqX (M+)‘? X Uq> 

{u,x,v) 1 -^ udiag{xi,... ,Xq)^^u*Pv 

is surjective and the push-forward of the measure Haar(Z^q) (g) ^dq^q' (g) Liaai{Uqi) by T is the 
Lebesgue measure, where dq^qi is the measure on (M"*")” with density given by formula (5.2). 


5.4. Classical properties of entropy. The following properties are analogous to properties 
of Voiculescu’s entropy, the proofs are analogous too, and the straightforward adaptation will 
be left to the reader. For the proof of proposition 5.4, the classical change of variables formula 
used for square matrices needs to be replaced by the result given below lemma 5.2. 

Proposition 5.3. y® is subadditive: for 1 < m < N, 

y®(ai,... on) < y^(ai, • • • aju) + X^{clm+i, ■ ■ ■ (in)- 

Proposition 5.4. For Ri > R > max{||ai||,..., ||aAr||}, we have 

XRi(ai) • • • «Af) = XRiai, ■ ■ ■ aN)- 

Proposition 5.5 (Upper semicontinuity). Consider, for m>l, 0 ^, 1 , • • •, am,N simple elements 
of A sueh that 

• for all i, am,i has the same type as Oi, 
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• the family (0^,1, • • •, am,N) converges in T>-distribution to (ai,..., ajv); 

• for all i, the sequence ||am,i|| is bounded. 

Then • • • ,aAr) > limsup 

For example, the proposition holds if for all i, am,i has the same type as a* and converges 
strongly to a^. 

Proposition 5.6. Consider bi,... ,b]\f simple elements such that for all i G [iV], bi has the type 
of Qi andbi-Oi G {oi, ..., Then x^{ai, ■ ■ ■ ,aN) = {h,... ,bN). 

5.5. Entropy and freeness with amalgamation over T. Adaptating the section 5 of [Eli] 
and using proposition 4.7, we obtain the following result: 

Theorem 5.7. If the simple elements ai, ... ,a]\f are free with amalgamation over V, then 

y®(ai, ..., oat) = y^(ai) H-h x^{aN)- 


5.6. Change of variable formnla. Consider G A simple elements with respective 

types (/c(l), /(!)),... , {k{N), 1{N)). In this section, for i G [AI], in order to simplify expressions, 
we denote iMn{k{i),l{i)) by Since we are going to work with adjoints of the afs, we 

have to define, for i G [Ai], e G {k{i,e).,l{i,e)) to be the type of af i.e. 


{k{i,s),l{i,e)) 


{l{i), k{i)) if e = * 
{k{i),l{i)) if e = 1 


Define T to be the set of formal power series in the noncommutative variables X\ , , ■ ■ ■, Xjsf, A 

endowed with the natural involution F ^ F*. Let us define, for m > 0, ii,..., im £ [AI], ei,..., 

{1, *}, the map from F to C which maps a series F to its coefficient in Xf^ ■ ■ ■ Xfff. 

Sl,---,€rn 




A multi-radius of convergence for F G .F is a family (i?i,... ,Rn) of positive numbers such 
that 

M(F; Ri,...,Rn)-.= Y. Y. {F)\R^^ ■ ■ ■ R^^ < 00 . 


Define, for i E [A^], the set Ti of formal power series F E T such that for all m > 1, for all 

? • • • 5 ? • • • ? 

£^l), ^l) — ^('^ 2 ? ^ 2 ); * * * ; 1 ? ^m—l) — ^m)i ^{irti'} ^m) — ^( 0 * 


Consider F = ..., F^) in Fix •••X Fat. We suppose moreover that there exists 

(Fi, ... ,Rn) common multiradius of convergence of the F^’s such that for all i, jjoijj < Fj. 

Let also, for n > 1, F be the map defined on the Cartesian product, for i G [Ai], of the open 
ball of {Mn{ai), jj.jj) with center zero and radius Fj, by 


N 


N 




7=1 


7=1 


(Ai,..., Aat) 


F(Ai,..., Aat) 
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N 


Then F is analytic, and with the natural identification between the set C I JjM„(aj) of 


^i=l 


N 


endomorphisms of Mn{ai) and the Cartesian product C {Mn{aj), Mn{ai)), the differ- 

i=l 

N 

ential DF{A) of F at A = (Ai,... ,ylAr) G has (i,j)-th block 

i=l 


E C...(F'fl) L(Ar; . ^. A*;-') o R(jq» ^ ^ ^ A':) 


m>l 


£l, 


■ l&[m] 

H=j 
£i = l 


+ E mi ■ ■ ■ » m::: ■ ■ ■ ad °Adj. 

le[m] 

H=3 

£l=* 

where for A matrix, L{A) (resp. R{A)) denotes the operator of left (resp. right) multiplication 
by yl, and Adj denotes the operator of adjonction in 1DT„. 

Now, we are going to compute the Jacobian of F at A = (Ai,..., Aat). It is the absolute 
value of the determinant of the differential of F at (Ai,..., Aat), that is 

(detFF(A)FF(A)*)^'^ = exp ^ TrlogFF(A)FF(A)*, 

N 

where the adjoint is taken when considering DF{A) as an endomorphism of the space Mn{ai) 

i=l 

endowed with the product euclidean structure. Note that the identification between 

n C{Mn{aj),Mn{ai)) 

Vi=l / 


preserves the adjonction in the following way; 


WDlj.,) =[aD].Ei. 

and composition in the following way 




N 


^ ^ Ri,k ° 


Lfc=l 


1 N 


-I i,j=l 


N 

Let, for n > 1, £„ be the space of endomorphisms L of Mn{ai) such that, for all i,j G [N], 

i=l 

Lij is a linear combinaison of linear maps of the type La o Lb (with A G dytn{k{i), k{j)) and 
B G Tln{l{j),l{i))) and of maps of the type La o Lb o Adj (with A G 9Jt„(/c(i), Z(j)) and 

N 

B G dJln{k{j),l{i))). Sin is a subalgebra of £(11 Mn{o-i)) closed under adjonction. Indeed, we 

i=l 
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have, for all X, X, Z, T matrices with suitable sizes, 

{L{X)oR{Y))o{L{Z)oR{T)) 
{L{X) o R{Y)) o (L(Z) o R{T) o Adj) 
(L(X) o R{Y) o Adj) o (L(Z) o R{T)) 
{L{X) o R{Y) o Adj) o (L(Z) o R{T) o Adj) 

{L{X)oR{Y)r 

{L{X) o R{Y) o Adj)* 


L{XZ)o R{YT), 
L{XZ)oR{YT)o Adi, 
L{XT*) o R{YZ*) o Adi, 
L{XT*) o R{YZ*), 
L{X*)oR{Y*), 

L{Y) o R{X) o Adj. 


Thus in order to compute the Jacobian of F, it suffices to be able to compute the trace of a 
self-adjoint element of Note that the identification between 

and C{Mn{aj),Mn{ai)) 

preserves the trace in the following way: 

N 

i=l 

Moreover, if G £„ is self-adjoint, then for all i G {1,..., N}, Mi^i = M*-, and one can 

write 

^ Ca{Lx^ O Ry^ + Lx* o Ry*) + ^ cp{Lz0 o R^^ o Adj +Lt* o Rz* o Adj), 

a /3 

where a, (3 run in disjoint finite sets, and for all a, f3, c^, cp are real, 

G Pk{i)(.n)TlnPk{i){n), Y^ G Pi{i){n)mnPi(i){n), Zp,Tp G Mn{ai). 

Thus the trace of Mj^j is 

V c„23f?(Tr X, Tr + Tr X^ TV Y *), 

^ '---' 


i.e. ^ 2ca (TV X„ Tr y„ + Tr X; TV y;). 

Oi 


Thus, in order to compute the Jacobian of F at A = (Ai,...,Ax), we have to introduce 
the following objects. Let &2 = {e, r} be the group of permutations of the set {1,2}, and 
C[© 2 ] = Ce © Cr be its convolution algebra. For j G [X], define the C-linear map 

Dj : T F ® T ® ©[©2] 


by 


DAY ■ ■ ■= E Y 


H-l *i+l 


v':-®6+E©‘ 




Ze[m] 

H=j 

£i=l 


Ze[m] 

H=j 

£l = * 
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Define then, for any ^-algebra J\4 (which will be JF, or Win, or ,A), the product and the adjonction 
on the linear space Ai 0 Ai 0 C[S 2 ] defined by the rules: 

{X ®Y ®e)y.{Z ®T ®e) = XZ ®YT ®e, 

{X ®Y ® e)y.{Z ®T ® t) = XZ®YT®t, 

{X®Y ®T)>i{Z ®T®e) = XT* ®YZ* ®T, 

{X ®Y ® t)x{Z ®T ® t) = XT*®YZ*®e, 

{X(ZY(Ze)* = X*(ZY*(Ze, 

{X ®Y ® t)* = Y ® X ® T. 

If moreover, the algebra Ai is endowed with a linear functional / (which will be Tr if = Win, 
and (f if Ai = A), then we shall endow (8> <8> C[© 2 ] with the linear functional 2f ® f ® 8e, 

where 5e is the state on C[S 2 ] defined by 6e(e) = 1, Seir) = 0. 

With this notations, if one uses the identifications, for X,Y G Win- 

L{X)oR[Y) ~ X®Y®5e G (8)971,1 (8)C[© 2 ], L{X)oR(Y)oAdi ~ X®Y®t G 97T„(8)9Jt„(8)C[©2], 

and thus identifies £„ with a subset of the finite-dimensional algebra WIn<Si (97T„(8)9JI„(8)C[©2]), 
the Jacobian of F at A = (Ai,..., Ajv) is 

exp ^ Tr (g) Tr (g) Tr (g)Je (log(Z7F(A)i9F*(A))) . 

With this tools, adaptating the proof of proposition 3.5 of [Eli], we have the following 
proposition. ATr^(p 0 (^^( 2 ( 5 e) denotes the Kadison-Fuglede determinant of the linear functional 
Tr <Snp (g) (g) (2Je) on OJIat (g) A (g) A (g) ©[© 2 ] (see section 2 of [HLOO] for a brief introduction to 

Kadison-Fuglede determinant). 

Proposition 5.8. Consider F = {F^^\ ..., F(^)), G = ..., which both belong to 

Fix - ■ -xFn, and such that for all i G [n], 

G^^\F^^\...,F^^^) = Xi. 

We suppose moreover that there exists {Ri,... ,Rn) common multiradius of convergence of the 
and {R[,...,R'^) common multiradius of convergence of the ’s such that 

(i) for all i, ||a,|| < Ri, 

(ii) for all i, M(fW; i?i,..., Fjv) < F'. 

Then 

— ^Tr (Si9?(Si99(8i(2(5e) (^1 5 • • • 5 ^N')]iJ=l X (^1 5 • • • 5 • 

If moreover, 

(M(G«;i?;,...,F)v),...,M(GW;F;,...,F)v)) 

is a common multiradius of the ’s, then we have equality. 

Remark 5.9. Note that if instead of (ii) we have M(FW; ||ai||,... , ||aAr||) < R'- for all i, then 
one can reduce the Ri’s in order to have (i) and (ii). 

As a corollary, we have the following result, whose proof is an adaptation of the proof of 
proposition 6.3.3 of [HPOO]. 
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Corollary 5.10. Let Pi,, Pm he noncommutative polynomials of Xi,X ^,..., X'^ such that 
for all i G [iV], ai + Pi(ai,..., on) has type {k, 1). Then for a sufficiently near 0, 

+ aPi(ai, • • •, rat), ..., rat + aP/v(ai,..., on)) 

log Aty (gi(p(gi(p(gi(25e) (fll) • • • ) )]i j=l P X (®1 > • • • ; > 

where for all i, = Xj + P(Xi,..., X^)- 


5.7. Functional calculus and entropy. For x G A, with spectral decomposition uh, and / 
real Borel function on [0,oo), bounded on the spectrum of h, let f{x) denote uf{h). If /(O) = 0 
and / is positive on (0, oo), then the polar decomposition of f{x) is uf{h). 

We begin with the following lemma, analogous to lemma 6.3.5 of [HPOO]. 

Lemma 5.11. Consider k,l G [d] such that k < I, a G Aki such that the distribution jj, of 
(aa*)^^ in {Akk,Tk) satisfies 

S(|u) > —oo, J logtd^(f) > —oo, 

and f a continuous increasing function on [0, oo), such that /(O) = 0 and f is positive on (0, oo). 
Then there exists a sequence (fm) of smooth functions on [0, oo), such that for all m, /m(0) = 0, 
f!^ is positive on [0, oo), 

\\fm{a) - fia)\\ —> 0, X^ifmia)) —> x®(/(a))- 

n—>00 n—>oo 


Proof. Let us prove that there exists a sequence (fm) of smooth functions on [0,co), such 
that for all m, /m( 0 ) = 0 , f^^ is positive on [ 0 , oo), 

||/m(a) -/(a)|| —> 0, X^ifmia)) —> X^(/(a))- 

n—>oo n—>oo 

Then we will have, by upper semicontinuity: x^{f{a)) > limsupx®(/m(a)), and by (5.1), it 
will suffice to prove 

S(/(//)) < liminf S(/m(^)), J log{f {t))dffit) < liminf J log{fm{t))dffit), 

where for all function g, g{pL) denotes the push-forward of p. by g. 


Consider, for m > 1, 5{m) G (0,1/m) such that 

log \t — s\diJ,{t)dia{s) > - 

\t—s\<S{m) 'kn 

d/i(t)d^(s) < —-, 

|t—s|<(5(m) TTliO^TTl 


[ logtdffit)>—- 


ffi[0,d{m)]) < 


1 


mlogm 

Let us extend / by the value 0 on the negative real numbers. Let, for m > 1, (fm be a nonnegative 
smooth function with support in [ 0 , 1 /m] such that f ^m(t)dt = 1 and 

6{m) 


\f * 4>mit) - fit)\ < 


m 


for all t G [0, S], where S is the maximum of the support of /x. Define fm{t) •= ^ + / * </’m(i)- 
Since / is increasing and (fm > 0, / * (fm is increasing, hence f^^ > 1/m. Moreover, /m(0) = 0 
and fm converges uniformly to / on [ 0 , S]. 


Similarly to p. 267 of [HPOO], we can prove that for m large enough to satisfy such that 


Vs, t G [0,5], - s] < S{m) => \f{t) - /(s)l < 1, 
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we have Ti{fm{lj)) > ^(/(m)) “ Moreover, for t G [0, 5(m)], fm{t) > t/m and for t G [S{m), 5], 

fm{t) > + fit) -\f* (pmit) - fit)\ > fit), 

so if (5(m) < 1, 

j logifmit))dnit) > 

> 

> 

what closes the proof. □ 

Adaptating the proof of proposition 6.3.6 of [HPOO] (with the density of eigenvalues presented 
in lemma 5.2), we obtain the following proposition; 

Proposition 5.12. Consider fi,fj^ continuous increasing functions on [0, oo), with value 
0 in 0, and positive on (0, oo). Consider oi,..., otv simple elements of A such that for all i, 
X^i^i) > —oo. Then 

N 

X^ifiiai)), ■ ■ -jNiaN)) > X^iai, • • • ,aAr) + ^X^ifiiai)) - X^iai)- 

i=l 

Moreover, equality holds if the functions are strictly increasing. 

5.8. Maximization of free entropy. 

5.8.1. One variable. The problem here is to maximize y®(a), where a is taken among a set of 
simple elements of type (A:, 1) in A. For such a, we have seen in 5.2.3 a formula which express 
X®(a) as a function of /x (distribution of aa* if pk < Pi, distribution of a*a in the other case), of 
Pk and of pi. For example, let us suppose that pk < Pi- 

Proposition 5.13. Fix c positive. Then among elements a of type ik,l) such that (pkiaa*) < c, 
the maximizers of x^ are those for which the distribution of aa* in {Akk: Tk) is the push-forward, 
by t ^ ^t, of the Marchenko-Pastur distribution with parameter ^. 

Proof. First of all, since for all a, for all A > 0, x®(Aa) = x^{a) + 2pkPi\og\, it suffices to 
prove it when c = According to proposition 5.1, x^{a) is maximal if and only if 

A{p) := S(/x) + “ ^) / ^^Sxdp{x) 

is maximal. Note that the condition ipk{aa*) < c is equivalent to f xdp(x) < c. But proposition 
5.3.7 of [HPOO] states that the functional 

“ l) / ^ogxdp(x) - J 


m 


/ log(/(t))d^(t) + / \og{T/m)dp{t) 

'[5(m),5] [0,<5(m)] 

/ log(/(t))d|u(t) + / logtd^(t) - log(m)|u([0,(5(m)]) 

[0,S] ./[0,<5(m)] 


j ^og{f{t))dp{t) 


2 

m’ 


B{p) := S(^) + 


xdp{x) 
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is maximized, among probability measures on [0, oo), by the Marchenko-Pastur distribution 
with parameter c. So for all fi probability measure on [0, oo) such that f xdfi(x) < c, 


A(fj,c) - A(fi) 


- B{fj,) + 


xdfic{x) 


xdfj,{x) 


= B{nc) - B{fi) + (c - y xdfi{x)) 

> 0 , 


with equality if and only if ^ = fic- ^ 


5.8.2. N variables. Fix k ^ I £ [iV] such that pk < pi- A consequence of subadditivity, of 
theorem 5.7, and of the previous section is the fact that if ci,...,CAr are positive numbers, 
among Ai-tuples (ai,..., oat) of type { k , 1 ) elements which satisfy 


ViG[A^], ipk{aia*) = Ci, 


the maximum of • • •, Rtv) is realized on free with amalgamation over T> families (ai,..., ajq) 

of elements such that the distribution of each aia* in {Akk-, P’k) is the push-forward, by t ^ 
of the Marchenko-Pastur distribution with parameter The following theorem states the re¬ 
ciprocal to this fact. 


Theorem 5.14. If the maximum is realized on a family (oi,..., on), then the family is free 
with amalgamation over V, and the distribution of eaeh aia* in {Akk,I>k) is the push-forward, 
by t ^ of the Marehenko-Pastur distribution with parameter ^. 


Proof. Step 1. First of all, since for all oi,..., uat of type {k, 1), for all Ai,..., Xn > 0, 


X®(Aiai,..., Xnon) = ..., uat) -|- 2pkpi log(Ai • • • Xn), 


(5.3) 


it suffices to prove it when each c* is 

Step 11. By theorem 2.3, if b is an element of type {k, 1) such that the distribution of bb* in 
(Akk^Pk) is the Marchenko-Pastur distribution with parameter then for all n even integer. 


cW(6(8)6*(8)---(8)6(8)6*) = —5„,2. 

Pk 
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Let us compute the (/^-distribution of a free with amalgamation over T) family (6i,..., hj^) of 
such elements. For all ii,..., i 2 r+i-,io £ W], we have 




PWk{biX2---bi2k+ib*^) 

Pk • • • b*^.)c^2\bio ® ^{b*2j+2 ■ ■ ■ b2r+i)b*^) 

o<i<r "—^^ 

^2j + l='^0 ¥^/(^2j + 2"'^2r+l)-P/ 


Pk Pkibi, ■ ■ ■ b*^.) 4 ^\bi, 0 Pi{blj +2 ■ ■ ■ b 2 r+i)-Pib*J 

0 <j<r 

i2j+l=io *0 

Pk Y • • • b*^.)ci^^ {bio ^ Pi {b2j+2 ■ ■ ■ b2r+i )-b*o) 

0<j<r 
^2j + l='^0 


pk Y • • • b*^.)pi{b* 2 j +2 ■ ■ ■ b 2 r+i)c'f\bio <8) b*J 

0<j<r 

i2j+i=io 


Pi Y Pk(bi^---b*^.)ipi{b*2j+2---b2r+l) 

0<j<r 

i2j+i=io 


Step III. Now, consider a family (ai,...,aAr) of elements of type {k,l) such that for all i, 
ipk{aia*) = ^ and the maximum of the entropy is realized on (oi,..., oat). Let us prove that the 
P-distribution of the family is the one of (6i,..., b^) of step II. Since the elements are simple 
and for all x, p{x*) = p{x)., it suffices to prove that for all r > 0, for all ii,... ,i 2 r+i-,io £ [N], 
we have 

p{ 0 ‘i\ 0 'i 2 ■ ■ ■ Q*2r+l%o) ~ Pi 'Y, Pk{o-ii • • • (l-i 2 j)Pl{^ 2 j +2 ' ' ' ®2r+l)- 

0<j<r 

i 2 j+l=io 


Fix A G C and let us define the polynomial P = XXi^^X*^ ■ • • and d = P{ai, ...,oat). 

We have, for a sufficiently near 0, 


X®(ai,... ,aAr) > X^{ai, ■ ■ .,ai-i,Pi 


V, 




0-20 “1“ 


{PkPkiiaio + ad){aio ad)*)y/^ 


, Uj+i, ..., qn). 


Thus the derivative with respect to a, at a = 0, of the difference between right-hand side and 
left-hand side of the previous equation is zero. According to (5.3) and to corollary 5.10, for 
a sufficiently near 0, the difference between right-hand side and left-hand side of the previous 
equation is equal to 


log A'pj. ^ (^15 • • • 5 l^N')]iJ=l PkPl l^S 


PkPk{{aio + ad){aio + ad)* 
Pi 


ii) 

where for all j. Fa = Xj -|- adijP. We have 

log [kljPa^ (® 1 ) • • • ) Ra)] jj=l 

= Tr(8)(/} (g) (/? (g) (5e log (^[DjF^"\ai,..., aN)]iij=i[DiF^^\ai, ...,aN, 

= Tr (g)(/7 ® 5e log (/Af<8)l<g)l<g)e-t- a{A -|- A*) -|- AA*^ 
where A is the NxN matrix with (i,j)-th entry 


*1A 


0 if i / io, 

DjP{ai,... ,aN) ifi = io. 



28 


FLORENT BENAYCH-GEORGES 


Thus 


Thus 


log A'pj.(g,(^,g,^,g,(^2(5e) j ^ a '^ (®1 1 ■ ■ ■ 1 ^w)] jj=l 

= aif®ip® (5e(Ao-P(ai, • • • ,aAr) + (Ao-P(ai, • • • ,«Ar))*) + o{a). 

d 

— log A'jy (g,^(gn^0(25e) ^ (®1 ’ • • • ) ®A'')]ij=l 

C/Cz |q;=0 


= 5e{Di^P{ai,... ,aN) + {Di^P{ai,... ,aN))*) = 2'Si(p ^ (p ^ de{DigP{ai ,... ,aAr)). 

Moreover, since pkiaioa*^) = fp, 


d , pkPk{{aio + o:d){ai^^ + ad)*) 

j— pkpi log- 

oa\a=Q Pi 


plpkiaiod* +da*^) = 2/)|%fc(P(ai,..., aAr)a-J. 


Thus 5e{Di^P{ai ,..., un)) and p‘lpk{P{ai, ■ ■ ■ ■, 0'N)a*^^) have the same real part. Recall 

that P = XXi-^^X*^ ■ ■ ■ What we did is true for any A G C, so 


plpk{P{ai, aAr)a*J = (5e(Ao-P(«l, • • •, OAf))- 


Now recall the definition of Di^P and choose A = 1. This gives 


Pk^k{pilO‘i2 ■ ■ ■ aj2r+l®io) ~ 'y y ^{(^h ■ ■ ■ ‘ ‘ ‘ ^2r+l)', 

0<j<r 

*2j + l=*0 

i.e. 

Pkp{(liiCl^^ ■ ■ ■ Ri2r+l®jo) y y PkV^kiO'ii ' ' ' (^i2j)PlP’l{^2j+2 ' ' ' ®2r+l)) 

0<j<r 

*2j+l=*0 

which closes the proof. □ 


Corollary 5.15. Consider a family (ai,..., a^) of elements of type {k, 1) sueh that 

X^{ai ,..., oat) = x^(ai) H-h {an) > -oo. 

Then the family is free with amalgamation over V. 


Proof. We use the notation defined in the beginning of section 5.7. Since for all i, x®(aj) > 
—oo, the distribution of aia* in {Akk,Tk) is nonatomic, hence the distribution of |aj| in in 
{Akk,Tk) is also nonatomic. Hence we can find a continuous increasing function fi on [0, oo), 
with value 0 in 0, and positive on (0,oo), such that the distribution of fi{ai)fi{ai)* is the 
Marchenko-Pastur distribution with parameter Then by proposition 5.12 and subadditiv¬ 
ity, X^(/i(«i), • • •, /Af(aAf)) = X®(/i(ai)) H-h X^ifwiaN)), hence by the previous theorem, 

/i(ai),..., /Ar(aAr) are free with amalgamation over V, and so do oi,..., aj^, because for all i, 
ai e {fi{ai)Y. □ 


Question. It would be interesting to have a characterization of R-diagonal elements with non 
trivial kernel involving the entropy defined in this paper. Inspired by the papers [HP99], 
[NSS99.2], we ask the following question: given a compactly supported probability measure 
12 on M+, what are the elements a G Api such that aa* has distribution n in (^ 22 ,^ 2 ), and such 
that x^{Piap 2 ,P 2 ap 2 ,P 2 a*Pi,P 2 a*P 2 ) is maximal ? 
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6. Analogue of free Fisher’s information for simple elements: the 

MICROSTATE-FREE APPROACH 

In this section, we present a notion of free Fisher’s information for simple elements, con¬ 
structed without using the microstates, like what was done by Voiculescu in [EV] and by 
Shlyakhtenko in [ShOO] for elements of a lF*-probability space. For a synthetic presentation of 
the free Fisher’s information of elements of a IF*-probability space, see section 2 of [NSS99.1]. 

6.1. Definitions. In this section, we suppose that (A, </?) is a lF*-probability space, with ip 
faithful tracial state. will denote the Hilbert space obtained by completing A for the 

norm ||a ||2 = {ip{aa*)) 2 ^ a £ A. 

A acts on L‘^{A) on the right and on the left, so one can define, for k,l £ [d], L?‘{A)ki = 
PkL‘^{A)pi. We still have an identification between L‘^{A) and 

L^{A)n ••• L^{A)m 

••• 

■ ■ PlXPd 

■ ■ PdXPd_ 

the simple elements of L‘^{A). We define, for a non zero simple element of L‘^{A), r{a) (r is for 
row) and c(a) (c is for column) the unique numbers of [d] such that 

a £ L (A)j.(Q,yc(a) • 

Moreover, x ^ x* extends to L‘^{A), and for all a,b ^ A,x £ L‘^{A), we have (axb)* = b*x*a*. 
For all k £ [d], the state ipk on Akk extends to L‘^{A)kk, so the conditional expectation E extends 
to L‘^{A), and we still have 

Vd,d' £V,'ix£ L2(A),E(dxd') = dE(x)d'. 

In the same way, for n > 1 and tt G NC(n), we can extend E„, E^r, Cn and Cjr to L?‘{A)®{A®'^~^), 
and the relations (2.1), (2.2), (2.3), and (2.4) remain true. 

A family {ai)i^i of elements of L?‘{A) is said to be a self-adjoint family if there exists an 
involution * of I such that for all i £ I, a* = 

A finite sequence (ai,... ,an) of simple elements of L‘^{A) is said to be a square sequenee if 
for all i £ [n], c(aj) = /(aj+i) (with On+i '■= ui). 

Definition 6.1. Let be a self-adjoint family of simple elements of A. A family 

of simple elements of L?‘{A) is said to fulfill eonjugate relations for (ai)ig/ if for all i £ I, 

r{fi) = c{ai), c{fi) = r{ai), 
and if one of the following equivalent proposition is true : 

(i) for all n > 0, for all i,ii, ... ,in & I such that (^j, aq,. ..,a*^) is a square sequence, 

n 

~ ^ ^ ' ' ' ®*m-l )V^r(G) (®*m+l ' ' ' 

m=l 

(ii) - for all i £ I, E(^j) = 0, 

- for all i,j £ I, = SijPr^^.y 


. We still call the non zero elements of U (A)ki 

k,l^[d\ 


by the map x £ L?' (A) 


pixpi 


Pdxpi 
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- for all n >2, for all i,ii,... ,in G I such that (.^j, ,..., is a square sequence, 

n 

• • • Q-in) = ° • • • ai^_j^) • • • ai„), 

m=l 

(we recall that for all k,l G [d], rjk^i is the involution ofV which permutes the k-th 
and the l-th columns in the representation of elements ofV as dxd diagonal matrices 
matrices ), 

(iii) for all n > 0, for all i,ii,... ,in G / such that (^j, ,...,ai„) is a square sequence, 

Cn+l(^i ® ® ® 

Proof. Consider a family {f,i)i^i of simple elements of L?‘{A) such that for all i G I, 

k ■= riCi) = c{ai), ki := c{^i) = r{ai), 

and let us prove the equivalence of (i), (ii), and (iii). The equivalence between (i) and (ii) is 
obvious by definition of E: for all x G L?‘{A), 

d 

E(a:) = '^q:’k{PkaPk)-Pk- 

k=l 

Now, suppose (ii) true, and let us prove (iii) by induction on n. Note that ci = Ei, and that 
for all f, G L‘^{A), a ^ A, 

C2(e®a) = E(Ca)-E(C)E(a), 

so (iii) is proved for n = 0,1. Now, suppose it proved for to all ranks 0,1,..., n — 1, with n >2, 
and let us prove it to the rank n. Consider i, ii,..., G / such that (^j, aq,..., ai„) is a square 
sequence. We have 

Cn+l(Ci ® <8* ■ ■ ■ ® Oi„) — E(Ci®ii ‘ ‘ ‘ ®in) ^ ^ W(^i ® O-ii 0 ' ' ' 0 ®i„)) 

TT 

where the sum is taken over all noncrossing partitions tt of {0,..., n} which are < 1|0,..., n}, 
and in which all blocks are associated to square subsequences of (.^j, ,..., aj„). 

Consider such a partition tt, and apply the factorization formula (2.6) to (^j (8)oq (8) • • 

If it is not null, then the block of tt containing 0 has only one other element, say m, and in this 
case, we have 

C7r(Ci<S'aii<8)---<8)ai„) = PhMr ° ® o c^(aiti <8) • • • <8) 

fstti ye7r2 

where tti (resp. 7r2) is the partition induced by tt on {1,..., m — 1} (resp. {m + 1,..., n}), i.e. 
to 

k,immi,ki o ®---® 0*^-1 )cvr2(ai„+i (8) • • • (8) aij, 

Thus we have 

n 

Cn+l(^'i ® ® ® ‘ ‘ ‘ ^2ri) ^ ^ ^ ^ 

m=l 7riGNC('m—1) 

7r2GNC({m+l,...,n}) 

o (8) • • • (8) ai^_i)c^2(ttWi 

n 

= E(^jaq • • • tti^) — di^i^rji.^f^. o E(aq • • • ai^_j^) E(aj^^j^ • • • ai^) 
m=l 


0. 
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The reciprocal implication is analoguous. □ 

Definition 6.2. Let he a self-adjoint family of simple elements of A. 

1. A family of simple elements of L‘^{A) is said to de a eonjugate system for 

if it fulfills conjugate relations an if in addition we have that 

Vi el, fie Alg({ai; f G C L\A). (6.1) 


2. Let the V-Fisher’s information of {ai)i^i he 

IE i^i is a conjugate system, 

if there is no conjugate system. 




i&I 

OO 


Remark. 1. The algebra generated by {a,; f G /} U H is the set of elements of A which have a 
dx d matrix representation of the type 

Pii(ai;fG/) ••• Pid{ai-,iel) 

; • • • ? 

Pdli^O^i '■) i ^ ■ ■ ■ Pdd{(^i A ^ 

where for all k,l e [d], Pki is a polynomial in the noncommutative variables Xi;i e I, and 
PkiAi ; f G /) G Aki. So the conjugate relations can be viewed as a prescription for the inner 
products in L‘^{A) between fi {i G I) and elements of this subalgebra. It follows that the 
conjugate system for {ai)i^j is unique, if it exists. Note moreover that the existence of the 
conjugate system is equivalent to the existence of any family in L‘^{A) which fulfills the conjugate 
relations; indeed, if {fi)i£i fulfill the conjugate relations and if we set, for all i e I, ji to be the 

projection of fi onto Alg({ai; i G L} then Ai)i^i will also fulfill the conjugate relations, 

hence will give a conjugate system. 


2. Consider an involution * of / such that for all i e I, = a*. Consider a family {fi)i£i 
which fulfills conjugate relations. Then define, for all i e I, 


fi 


Pc{ai) 

Pr{ai) 



Then {fi)i£i fulfills conjugate relations, hence we have fi 
system. It can be written 


f*(i) 


Pr(ai) 

Pc{ai) 


fi for all i if {fi) i^i is a conjugate 


( 6 . 2 ) 


Proof. Let us prove 2. It suffices to prove that fulfills conjugate relations. Consider 

n > 0 and i,ii,... ,in e I such that {fi, aq,..., a*,^) is a square sequence. Then 


Cn+i{fi <8) aq (g) • • • <8) aifi) 


Pc(ai) 

Pr(ai) 

Pc{ai) 

Pr{ai) 


(c„+i(a,^(j„) (g) • • • (g) a^(^i^) (g) 


(dr(^i),c(^i) ° <g> <g> ' ' ' <g> a,f(q))) 
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which closes the proof. □ 

3. A link with the already defined notions of Fisher’s information can be made as follows; 
Consider x £ Aki such that x*x is invertible in An- Then a pair (C, fulfills conjugate 

relations for {x,x*) if ^^x{x*x)~^ fulfills conjugate relations in the sens of [NSS99.1] for x*x in 
{Aii,ipi). The reciprocal is true if we have moreover (pi{^x{x*x)~^) = 0. 

Proof. (^, fulfills conjugate relations for {x,x*) if and only if for all n > 0, 

/ (A) ipi{^x{x*x)^) = YH=0^k{{xX*y)ipk{{x*x)^-^), 

1 (-B) f^ipk{Cx*{xx*)^) = J2i=oipi{{x*xyipk{{xx*)^-y, 

where (xx*)® stands for pk and {x*x)^ stands for pi. 

But using we have 

n 

(A) ipi{{x*xYx*C) = '^‘fi{{x*x'-)ipk{{xx*Y~y, 

i=0 

which is equivalent to {B) because (pi{{x*x)^x*^*) = ^pkH*x*{xx*Y). 

So (^, fulfills conjugate relations for {x,x*) if and only if for all n > 0, 

n 

Pl{ix{x*x)"^) = ipk{{xX*y)pk{{x*xY~y. 
i=0 

It is implied by the fact that ^^x{x*x)~^ fulfills conjugate relations in the sens of [NSS99.1] for 
x*x in {All, and the reciprocal is true if we have moreover ipi{^x{x*x)~^) = 0. □ 

6.2. Cramer-Rao inequality. 

Theorem 6.3. Consider a non null element a of Aki, with k A I and pk A Pi- Then 

ip{aa*)*^r{a,a*) > pi+ ph 

with equality if and only if there exists c positive number such that the moments of c.aa* in 
{Akk,^k) are the moments of the Marchenko-pastur distribution with parameter 

Proof. If {a, a*) hos no conjugate system, then it is obvious. If a conjugate system for {a, a*) 
is (^, ^f,*) (indeed, by (6.2), any conjugate system has this form), then 

<i>,(a,a*) = (^l + ^'^p{^C), 

so it suffices to prove that 

ip{aa*)ip{CC) > pI 

Note that we have (/?((^*)*a) = pi, so the result follows from the Cauchy-Schwarz inequality. 
Moreover, we have equality if and only if there exists c > 0 such that f,* = ca, which is equivalent 
to the fact that for all n > 2 even, 

c^\a* ^ ^ a) = dn 2 - 

c 


and 


ciy\a^a* ^■■■^a*) = 5n,2 — -, 

Pk C 
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which is equivalent, by theorem 2.3, to the fact that the moments of c.aa* in {Akk^V^k) are the 
moments of the Marchenko-pastur distribution with parameter □ 


6.3. Fisher’s information and freeness. 

Theorem 6.4. Consider a non null elements x,y of Aki, with /c / /. Then we have 

^r{x, y, x*,y*) > 4>^(x, x*) + <^r{y, y*), (6.3) 

and we have equality ifx,y are free with amalgamation overV. Moreover, if 

^r{x,y,x*,y*) = + ^r{y,y*) < oo, 

then x,y are free with amalgamation over V. 

Proof. - Let us prove that 

^r{x,y,x*,y*) > + ^r{y,y*)- 

If ^r{x,y,x*,y*) = oo, it is clear, and in the other case, let (^, conjugate 

system for {x,y, x*,y*). Then (resp. {C,^C*)) satisfy conjugate relations for {x,x*) 

(resp. for {y,y*)), so the result is proved. 

- Suppose that x,y are free with amalgamation over V. If <h(x,rE*) = oo or <h(y,y*) = oo, 

then we have equality in (6.3). In the other case, let (^, ^C)-, (resp. (C, ^C*)) be a conjugate 
system for (x,x*) (resp. for {y,y*)). It suffices to prove that is a conjugate 

system for {x,y, x*,y*). It is clear that 

e, -ex, -C G Alg({x, y, x*,y*} U P)"•"^ 

Pi Pi 

so it suffices to prove that {A ^C*) fulfills conjugate relations for {x,y,x*,y*). Let us 

prove condition (hi) of definition 6.1. Since (resp. (C) ^C*)) is a conjugate system 

for (x,x*) (resp. for {y,y*)), we have ci(^) = ci(^*) = ci(C) = ci(C*) = 0, and C 2 A 'S> x) = 
C 2 {C^y) = Ph C 2 {^C^y*) = C 2 {^A ^ X*) = Pk. Since G Alg({x, x*} U T>)"■"^ and 
C, C* G Alg({y,y*} U T*)^^ by freeness with amalgamation over T>, we have 
C2(C ®x) = C 2 A* ® X*) = C 2 A ®y) = C 2 A* ® y*) = 0. 

Consider now n > 2, and a square sequence (T, oi,..., an) G {^, C-, ({^^^ x*,y, y*A)- 

Let us prove that 

Cn+l (T (g) ai (g) • • • (g) On) = 0. (6.4) 

For example, we can suppose that T = ^. If one of the afs is y or y*, then (6.4) is due to the 
freeness with amalgamation over D. If none of the afs is y or y*, then (6.4) is due to the fact 
that (^, fulfills conjugate relations for (x,x*). 

- In order to finish the proof, let us prove that if A, is a conjugate system for (x,x*), 

then we have = ^*x*. Both belong to 

PfcAlg({x,x*} UT>)"'"V, 

which is equal to 

{pk} U {(xx*)*^; n > 

Thus, since tpk is a faithfull trace state on Akk, it suffices that for all n > 0, 

ipk{{xx*)'"xf) = ipkiixxA'^Cx*), 
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where (xx*)® stands for p^. We have 

= —ipi{i{xx*Yx) 

Pk 

n 

= ^Y.^k{{xx*r)^i{{xxT-i, 

which is a real number. Thus 

ipk{{xx*YCx*) = ipk{Cx*{xx*Y) = ipk{{{xx*YxS)*) = ipk{{xx*YxC) = ipk{{xx*Yxi). 

So we have proved that x^ = 

- Now, suppose that 

^r{x,y,x*,y*) = $r(a:,x*) + ^r{y,y*) < oo. 

By theorem 2.1, in order to prove the freeness with amalgamation over H of x and y, it suffices to 
prove that for all n > 2, for all zi,..., Zn taken in the algebras Alg({x, x*}Ull) and Alg({y, y*}U 
P), but not all in the same one, we have 

Cn{zi ® ® Zn) = (6.5) 

By the formula of cumulants with products as entries (Theorem 2 of [SSOl]), we can suppose 
that 

zi,...,Zne {x,x*,y,y*}. 

If the sequence (zi,..., Zn) is not square, then (6.5) holds by paragraph 2.2 (a). So we suppose 
the sequence to be square, and by equation (2.7), we can suppose that 

{zi,Z 2 ) G {(x,y*), (y,x*), (x*,y), (y*,x)}. 

For example, we will treat the case where ( 21 , 2 : 2 ) = (x,y*). 

Consider (^, ^ conjugate system for (x, y,x*,y*). Then using the hypothesis and 

1. of 6.1, we know that (^, ^Oi (resp. (C, ^O) is the conjugate system for (x,x*) (resp. for 
{y,y*)). Since x^ = Cx*, we have 

c[j+i(x^ (g) 22 (8) • • • <8) 2n <8) 2i) = C^^hiCx* ® Z2® ■ ■ ■ ® Zn® 2i). (6.6) 

Now, we apply the formula of cumulants with products as entries (Theorem 2 of [SSOl]) to left 
hand side and right hand side of (6.6). 

LHS = ® y ® ® ^n® zl) + ^ 

l<i<n 
i even 

® Z 2 ® Zz® ■ ■ ■ ® Zi) C^^2j,2(x (g) 2i+l ® ■■■ ® Zn® zl) 

'' -V-' 

=0 because 
Z 2 =y (and C 2 {i) = 0) 

= —Cn+ 2 (? ® y ® Z3 ® ■ ■ ■ ® Zn ® Zl ® x) 

Pk 

= 0 . 
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On the other side, we have 


RHS = ^X* ^Z2^Z3^---^Zn^zl)+ ^ 


=0 because 
n+2>2 


l< 2 <n 
i even 


Hence 


C® {x* 0 Z2<S' Z3' 

= {x* zz^ 


Zi) cff2j+2(r ® ^i+1 ®---®Zn®Z*i) 


=0 if 2 < n 


Zn)cf\C ®X*). 


Cn {x* 0 y 0 Z3 ' 


7^0 

Zn) — 0 , 


which is what we wanted to obtain. □ 


Question. It would be interesting to have a characterization of ii-diagonal elements with non 
trivial kernel involving the Fisher’s information defined in this paper. Inspired by the paper 
[NSS99.1], we ask the following question; given a compactly supported probability measure v 
on R+, what are the elements a G Api such that aa* has distribution iz in (^ 22 , 2 * 2 )) and such 
that ^r{piap 2 ,P 2 ap 2 ,P 2 a*pi,P 2 a*P 2 ) is minimal ? 


Appendix A: proof of proposition 5.1 

Let us suppose, for example, that pk < pi- Fix R > 0 such that R^ is more than the 
suppremum of the support of p. Define, for all q > 1, the map 

1 

Kg : X G [0,2?]'*' ^ 

^ i=l 

The index q in Kq will always be omitted, because no confusion will ever be possible. For P 
probability measure on [0, i?]'*', we denote by k{P) the push-forward of P by k. First of all, let us 
recall a large deviation principle. For basic definitions on large deviations, see P. 177 of [HPOO] 
or many other books (e.g. [DZ98]). 

Theorem 6.5. Let, for n > 1, Zn be the total mass of 

qk{n) 

Pn:=A{xf 

Then the finite limit B := lim n“^logZ„ exists, and the sequence (n (^Pn]] satisfies a 

n^oo \ J J n 

large deviation principle in the set of probability measures on [0, R] endowed with topology of 

weak convergence in the scale with the good rate function 

I ■■ -pIT.{v) - {pkpi - pI) j log(x)du(x) + B. 

This theorem was proved under a slightly different hypothesis in [HPOO] (theorem 5.5.1 p. 
227, with <5 = 0). The difference between the hypothesis above and the hypothesis of theorem 
5.5.1 of [HPOO] is that in the latter, the bound R does not appear, the measures are considered 
on R"’". But it is not a problem; the proof of theorem 5.5.1 can easily be adaptated to this 
context (in fact it is more easy to work with the compact set [0,2?]). Note that an analoguous 
modification of a result proved for the interval R"*" to the interval [0,2?] is done p. 240 of [HPOO]. 
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Note that removing the renormalization constant and the limit B, one gets the following 
result. Its formulation implies to have extended the notion of large deviation principle to se¬ 
quences of finite measures (not only of probability measures), but it can be done without any 
ambiguity. 

Corollary 6.6. The sequence of finite measures {k {Pn))n satisfies a large deviation principle in 
the set of probability measures on [0,i?] endowed with topology of weak convergence in the scale 
with the good rate function 

J ■ V ^ -pl'Ziv) - {pkPi - pI) [ log(x)di/(x). 


Now, we give the proof of proposition 5.1. 
Step I. For all r > 1, g > 0, 

1 


XR{a;2r,e) = limsup ^ log A(rij(a; n, 2r, p^e)) + pkpilogn. 


Tfi{a;n,r, pks) is the set of matrices of TKnikfi) such that ||M|| < R and each moment of order 
< r of the spectral law of the /c-th diagonal block of MM* is e-closed to the moment of same 
order of p. Thus by the remark following lemma 5.2, A(Tpi(a;n,2r, pk£)) is 

Trqk{n)qi(n) 

-j- Pn{{x G [0, RPP^^l ; Vi = 0,..., r, \mi(K(x)) — mi{p)\ < e}), 

llj=l -i'Ilj=q,(n)-qj,(n)-i- 

where Pn is the measure introduced in the previous theorem. 

Step 11. Let us compute the limit C, as n ^ oo, of 


Un := \ log 


(n) 


Tllkin) ., T-rgiW-1 -I 

117 = 1 >.>.j=qi{n)-qk{n)-J‘ 


+ pkpi log n. 


We have, by Stirling formula, log j! = i log j -|- j(log j — 1) + 0(1). So 


u„, = 


7 N 7 N . Qk{n) qi{n)-l 

qk{n)qi{n) , 1 ,1 . . ... . ... 1 




logvr - ^ ^ (ilogjj(logj - 1)) - ^ (ilogj + j(logj - 1)) 


n" '2 
j=i 


j=qi{n.)-qk{n) 


+PkPi logn + 0{ 


1 , 


n 


= PkPi log vr + 


qk{n){qk{n) + 1) + (®(n) - l)qi{n) - (qfin) - qk{n) - l){qi{n) - qk{n)) 


2n^ 


qk{n) 


qk{n) 

E 


J , 3 

log- 


qk{n) ^ qk{n) qk{n) 


qk{nf 1 


E 


3 , 3 

log- 


loggfc(n) . 
n2 ^ ^ 
i=i 


log qk{n) 


qk{n), qk{n) 

J=qi(n)-qk(n) 




E ^ 

3 =qi{ii)-qk(n) 


+PkPi logn-ko(l) 

/■l rpi/pk 


= PkPl (log TT + l)- Pk j tlogtdt- p^ 


'0 


mi/pk-^ 


t log tdt 


-log qk{n^ 


qk{n){qk{n) + 1) + {qi{n) - l)qi{n) - {qi{n) - qkjn) - l){qi{n) - qk{n)) 

2n2 
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n 


+PkPi ^ogiqkin)—-) + o(l) 

Qkin) 

/■i rpi/pk 

= PkPiilogTT + l-logpk)- pI tlogtdt-pl t log tdt +log qk{n)x 

Jo Jpi/Pk-i 

qk{n){qk{n) + 1) + (g/(n) - l)g;(n) - {qi{n) - qk{n) - l){qi{n) - qkjn)) - 2qk{n)qi{n) + 0(n) 

2n2 

+ 0 ( 1 ). 


Thus 


CPl/pk 


u„ 


C := pkPiilogTT + I-logpk) - pI f tlogtdt-pl I tlogtdt. 

Jo Jpi/pk-i 


=- 1/4 

Step III. Now, let us denote by F{r,e) (resp. G(r, e)) the set of probability measures on 
[0, R] for which each moment of order < r is e-closed (resp. strictly e-closed) to the moment of 
same order of p. F{r,e) (resp. G{r,e)) is closed (resp. open). Thus by the previous corollary, 
we have 

limsup ^ logP„(K“^(F(r, e))) < — inf J, 

n—>cxD ^ F{r,€) 


liminf ^ logPn(K > — inf J. 

n^oo G{r,e) 


But inf J = inf J, so 

F{r,e) G{r,e) 




logPniK \F{r,e))) —> - inf J, 


F{r,e) 


and it follows, by Steps I and II, that 


XR{a;2r,e) = - inf J + C. 

F{r,e) 

As £ goes to 0 and r goes to oo, inf J goes to J(//), and we obtain the desired result: 

F{r,e) 

p f F pi r p^ / Pk 

XR{a) = Pk^ip) + {Pi - Pk)Pk / log(x)d/x(x) + PkPi{log -h 1) + ^ - pi / t logtdt. 


Pk 


'pi /pk-^ 


Appendix B: proof of lemma 5.2 

In all this proof, we shall identify elements of with the associated diagonal qxq matrix. 

a) First of all, the fact that T is an injection onto a set a negligeable complementary is well 
known (see [HJ91]). 

b) Let P be the qxq matrix with entry (i,j) equal to 1 if / = j, and to 0 in the other 
case. Then the set Uq^q' is PlAqi. So the set Uq/Tq x ^ x Uq^qi is a manifold, and for u G Uq, 
a G R!() <, X G Uq>, its tangent space at {uTq, a, Pv) is the cartesian product of tangent spaces 
of respectively Uq/Tq, R^ Uq^q/ at respectively uTq, a, Pv. The first of them can be identified, 
via the map M u*M, to the set il® of anti-hermitian matrices with zeros an the diagonal, the 
second one is R”, and the third one can be identified, via the map M Mv*, to the set ldq,q' of 
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qxq' matrices in which the submatrix of the first q columns is anti-hermitian. The differential 
d'ifuTq,a,Pv of T at {uTg, a, Pv) is given by the following formulae; 

VXGil°, d^„T„a,p«K^,0,0) = u{ Xa^^ - a^^X) u*Pv, 

■■ = Ma{X) 


yA G 
VT Gif, 


1 A 

d^'«T,,a,P«(0,yl,0) = -u—n^u*Pv, 


2 

q^q,, d'i’uTq,a,Pv{0,0,Yv) = ua^^u*Yv 


c) Let det be the determinant on the canonical basis of i.e. on the basis containing 

the elementary matrices and i times this matrices. Define n = q^ — q and m = 2qq' — q^. Fix 
{uTq,a, Pv) in the manifold, and Xi,. .., Xn G if®, Ai,... ,Aq G and Fi, ..., Ym G ifg,g'. 
Now, let us compute the differential form T*det at {uTq, a, Pv) on the family 


(KFi, 0 , 0 ),... , iu*Xn, 0 , 0 ), ( 0 , yli, 0 ),..., ( 0 , ylg, 0 ), ( 0 , 0 , Flu),..., ( 0 , 0 , Y^v)). 


It is 

det{uMa{Xi)u*Pv ,..., uMa{Xn)u*Pv, -u—^u*Pv,..., -u—^u*Pv, ua^^u*Yiv,..., ua^^u*Ymi 

2 2 


Define u = 


u 


0 


0 Iq'-q 


G Uq!. We have Pu = uP. Note that the base we choosed is orthonormal 


for the euclidian structure we choosed on and the left or right multiplications by unitary 

elements are orthogonal, and have determinant 1 by connexity of the unitary group. So what 
we want to compute is equal to 

det{Ma{Xi)P,..., Ma{Xn)P, ..., a^^u*Y,u,..., a^^u*Yrr,u). 

In order to compute this, let us introduce another basis of Let {Ek^i)i<k<q be the ele- 

l<l<q' 

mentary matrices of Tlq^q'. Define, for 1 < k < I < q, 

ek,i = Ek,i + Ei^k, ek,i = i{Ek,i - Ei^k), 
let Bi be the family {ek,i,e'^ j)i<k<i<q, define 

^2 = {Ek,k)l<k<q, 


and let B 3 be any basis of iiq^q>. Note that ,6 := U ,62 U B 3 is a basis of Let A be a 

non-null real number such that det is A times the determinant on B. Note that the matrix of 
the family 

E := {Ma{Xi)P,..., Ma{Xn)P, 14^P,a^^u*Yiu,..., a^^u*Y^u) 

on B is block upper-triangular (with respect to the decomposition B = BiU B 2 k) B 3 ). So det(.F) 
is A times the product of the determinants of the matrices of the families 


{Ma{Xi)P,...,Ma{Xn)P), 


(IlIlp 


1 A„ 


’ 2 ai/^ 


P), 


(Pr(a^'^u*Yiu), ..., Pr(a^'^u*Ymu)) 


on the respective bases Bi, B 2 , B 3 (where Pr denotes the projection on Span(,B 3 ) = ifg g/ in the 
direction of Span(,Bi U . 62 ), be. the orthogonal projection on 

Let us compute the first determinant. Ma maps linearly ilg into the set of hermitian matrices 
with null diagonal, so X ^ Ma{X)P maps linearly ilg into Span(,Si). Let {Fk^i)i<k,i<q be the 
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elementary matrices of Tlq^q. Define, for 1 < k < I < q, 

fk,i = Fk^i - Fi^k, fk,i = i{Pk,i + 

let j3i be the family {fk,h fk i)i<k<i<q- The matrix of the map X Ma{X)P between the bases 
Pi and Bi is block-diagonal, with blocks 


1/2 1/2 


1/2 _ 1/2 
0 


{1 < k < I < q). 


So its determinant is A(a^^)^, and the determinant of the matrix of the family (Ma{Xi)P ,..., 
Ma{Xn)P) in Bi is A(a^^)^ times the determinant of the matrix of the family (Ai,..., A„) in 

Pi. 

The second determinant is ^ y/i times the determinant of the matrix of the family 
{Ai,.. .,An) in B 2 . 

Let us compute the third determinant. In this paragraph, we shall use a two blocks-decomposition 
of matrices of Any qxq' matrix Y will be denoted by T = {Ys,Yr), where Yg is a qxq 

matrix, and Yr is a qx {q' — q) matrix (s is for square, and r for rectangular). With this decom- 

■y _ y* 

position, Pr has a simple expression: Pr(y) = {^-^-^,Yr). Note that if T G ^q,q'^ then Yg is 
anti-hermitian, so 

Pr{a^^u*Yu) = Na{{u*YgU,u*Yr)), 

where 

^a^f^Yg + Yga^^ „l/2..^.., 

( r, ; ® Tr) £ ^q,q' ■ 


Na-.Yeii, 


</,<?' — V 2 

Note that Y G 11^ ^/ ^ {u*YgU, u*Yr) is orthogonal, and has determinant one by connexity of Uq. 
Let us compute the determinant of Na- All vectors of the basis 

{Ek,l — Ei^k)l<k<l<q U {i{EkJ + Ei^k))l<k<l<q U (L'fc,/) l<k<q U (iEkj) l<k<q 

q'-q<i<q' q'-q<i<q' 

are eigenvectors of Na, with respective eigenvalues 

1/2 I 1/2 1/2 1/2 

{— -- - — )l<k<l<qi-> {— - :: - - — )l<k<l<qi-l l<k<q U l<k<q 


Thus the determinant of Na : Aq^qf iXq^qf is 


\<k<l<q 


q' — q^l^q' 


' 1/2 , 1/2 \ 2 


q'-q<l<q' 


The third determinant is this quantity times the determinant of the family (Yi,..., Y^) in B^,. 
d) So the value of the differential form T*det at {uTg, a, Pv) on the family 

{{u*Xi,Q, 0),..., {u*Xn, 0, 0), (0, Ai, 0),... , (0, A„ 0), (0, 0, Tiu),..., (0,0, Ymv)) 
is 

AA(a^^)^det(Ai,...,An)4- ^ 


Pi 


2 ^ (ai 


det(Ai,..., A„)(ai • • •ag)'?' TT 

l<k<l<q 


' I , 1 / 2 ' 

ak +aP 


det{Yi,...,Ym). 

^3 
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It is well known (see, e.g., section 1.5 of [BtD85]), that it is equal, up to a multiplicative constant, 
to 


A(a)2]j, 


,q -q 


OJ, 


uT 


{uX, 


u„ 


, u 


"Xn) det(Ai,..., An)uj^p‘’ {Yiv,Y^v) 


k=l 


where is a non-null differential n-form on Liq/Tq which is invariant under the left action 

of the unitary group, and is a non-null differential m-form on Uq^q' which is invariant 

under the left and right actions of the unitary groups. So 'k^det is equal, up to a multiplicative 
constant, to 

A det A , 

can 

where / is the smooth function defined on UqfTqX ^ x Uq^qi by 


f{uT,a,Pv) = A{afY\(4 

k=l 


Hence the push-forward, by 'k of the Lebesgue measure on Tlq^qi is the tensor product 7 ^ ( 8 ) 
Caq^qi 0 7 q,ijA where C is a positive constant. 

e) Let us conpute C. As noticed in the remark following the lemma, by definition of the 
measures 7 ^ and 7 g,g', we can now claim that the map 

^ : UqX (M+)'? X Uq^ Tlq^q> 

{u,x,v) 1 -^ udiag{xi,... ,Xq)^^u*Pv 

is surjective and preserves the measure Haar(^q) (g) ^dq^q/ (g) Haar(Z^g/) (i.e. the push-forward of 

this measure by 'k is the Lebesgue measure), where aq^q/ is the measure on with density 

given by formula (5.2). 

The function x G ^ ^-Trxx* integral with respect to the Lebesgue measure equal 

to TT^'^'. Thus 


C7r99 




^ J U^HAn J 


A(o)"n 


q'-q^- 'lvuP/^Pvv*P*p/^u* 




dadudu. 


i=i 


Thus 


1 

C 


1 


nUm=q'-q3'- 


'aG(M+)9 


A(a)^rja^ ‘^e 

i=i 


'-]=q-q' 

We can now apply formula (4.1.8) p. 119 of [HPOO], with n = ( 7 , /3 = 1, a = g' — g -|- 1, and it 
appears that (7=1. 
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